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‣ History and Motivation 
‣ Approximating CY metrics 

• Finding points on Calabi-Yau manifolds 

• Approximating Calabi-Yau metrics 

‣ Examples:  
• One-parameter family of Fermat Cubic 

• Massive string spectrum for the Quintic CY threefold 

‣ Conclusion
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Motivation and previous work
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<latexit sha1_base64="syG8tvj9o9JSsn6xCeW995VuPvw=">AAACFHicbZBNS8MwGMdTX+d8q3r0EhyCIIxWxvQijOnB4wT3AmspaZptYWlTknQ4yj6EF7+KFw+KePXgzW9j1vUwN/8Q+PF/nifJ8/djRqWyrB9jZXVtfWOzsFXc3tnd2zcPDluSJwKTJuaMi46PJGE0Ik1FFSOdWBAU+oy0/eHNtN4eESEpjx7UOCZuiPoR7VGMlLY889yp80cvrd5OnBES8YBmDK+hw/QlAZp3PbNkla1McBnsHEogV8Mzv52A4yQkkcIMSdm1rVi5KRKKYkYmRSeRJEZ4iPqkqzFCIZFumi01gafaCWCPC30iBTN3fiJFoZTj0NedIVIDuVibmv/VuonqXbkpjeJEkQjPHuolDCoOpwnBgAqCFRtrQFhQ/VeIB0ggrHSORR2CvbjyMrQuyna1XLmvlGr1PI4COAYn4AzY4BLUwB1ogCbA4Am8gDfwbjwbr8aH8TlrXTHymSPwR8bXL0/6nmA=</latexit>⇤6D'6D = �'6D

<latexit sha1_base64="weNUjLfd9GWXpOviOyjRZ3qqFUU="></latexit>

⇤ = d� + �d =
p
det(g)

�1
@a

p
det(g)gab@b



‣ By the Calabi-Yau theorem, for compact Kähler manifolds with                , there exists 
a unique Ricci flat metric in the same Kähler class as a chosen reference metric

CY metrics and the Monge-Ampere equation

[Calabi `54, `57; Yau `77, `78]

<latexit sha1_base64="s2IJhg/ULxmv7d6HsPqQKXNjjig="></latexit>

gCY = g + @@�

<latexit sha1_base64="XAV9a5DL8InfIoOHBPCxyTGyTr4=">AAACDnicbVDLSgMxFM34rPVVdekmWIS6KTNS1I1QdOOygm0H2qFkMpk2NI8hyQhl6D+IW/0Od+LWX/Az/AMz7Sys9UDI4Zxz4d4TJoxq47pfzsrq2vrGZmmrvL2zu7dfOTjsaJkqTNpYMqn8EGnCqCBtQw0jfqII4iEj3XB8m/vdR6I0leLBTBIScDQUNKYYGSv5eODV/LNrd1CpunV3BrhMvIJUQYHWoPLdjyROOREGM6R1z3MTE2RIGYoZmZb7qSYJwmM0JD1LBeJEB9ls3yk8tUoEY6nsEwbO1N8TWRhymwoli6CecPvrBRtxncs2wpEZLXm5+J/XS018FWRUJKkhAs/3iFMGjYR5NzCiimDDJpYgrKg9BeIRUggb22DZduT9bWSZdM7r3kW9cd+oNm+KtkrgGJyAGvDAJWiCO9ACbYABA8/gBbw6T86b8+58zKMrTjFzBBbgfP4ANLWbTQ==</latexit>

c1(X) = 0



‣ By the Calabi-Yau theorem, for compact Kähler manifolds with                , there exists 
a unique Ricci flat metric in the same Kähler class as a chosen reference metric 

‣ Solving / approximating               requires 2 derivatives of the metric / 4 derivatives 
of the Kähler potential         hard

CY metrics and the Monge-Ampere equation
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[Calabi `54, `57; Yau `77, `78]
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‣ By the Calabi-Yau theorem, for compact Kähler manifolds with                , there exists 
a unique Ricci flat metric in the same Kähler class as a chosen reference metric 

‣ Solving / approximating               requires 2 derivatives of the metric / 4 derivatives 
of the Kähler potential         hard 

‣ Note: On every CY, there is a nowhere-vanishing holomorphic (d,0)-form     . From 
this, we can construct a volume form           (known analytically in local coordinates). 
This volume form is unique up to a constant, 

CY metrics and the Monge-Ampere equation
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‣ By the Calabi-Yau theorem, for compact Kähler manifolds with                , there exists 
a unique Ricci flat metric in the same Kähler class as a chosen reference metric 

‣ Solving / approximating               requires 2 derivatives of the metric / 4 derivatives 
of the Kähler potential         hard 

‣ Note: On every CY, there is a nowhere-vanishing holomorphic (d,0)-form     . From 
this, we can construct a volume form           (known analytically in local coordinates). 
This volume form is unique up to a constant,  

‣ This can be turned into a PDE of Monge-Ampere type 
 

CY metrics and the Monge-Ampere equation
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gCY = g + @@�
<latexit sha1_base64="mssQCsJJ+LxyTXi74Z7ChAj+Tqc="></latexit>

det(g + @@�) =  ⌦ ^ ⌦̄

[Calabi `54, `57; Yau `77, `78]

<latexit sha1_base64="s2IJhg/ULxmv7d6HsPqQKXNjjig="></latexit>

gCY = g + @@�

<latexit sha1_base64="7QrVfuFUjaMCygbQUE6u/Nr4Ys8=">AAACHHicbVDLSgMxFM3UV62v+ti5CRbBVZkpRd0IRTfixgr2AZ1puZNJ29BkZkgyQm37K+JWv8OduBX8DP/A9LGw1gMhh3POhXuPH3OmtG1/Waml5ZXVtfR6ZmNza3snu7tXVVEiCa2QiEey7oOinIW0opnmtB5LCsLntOb3rsZ+7YFKxaLwXvdj6gnohKzNCGgjtbIHN83gwu1BHMPQvRW0A8NmoZXN2Xl7ArxInBnJoRnKrey3G0QkETTUhINSDceOtTcAqRnhdJRxE0VjID3o0IahIQiqvMFk+xE+NkqA25E0L9R4ov6eGPi+MCk/4gFWfWF+NWeDUGPZRATo7oI3Fv/zGolun3sDFsaJpiGZ7tFOONYRHjeFAyYp0bxvCBDJzCmYdEEC0abPjOnI+dvIIqkW8s5pvnhXzJUuZ22l0SE6QifIQWeohK5RGVUQQY/oGb2gV+vJerPerY9pNGXNZvbRHKzPH51WoWw=</latexit>

Jd = |⌦|2

<latexit sha1_base64="XAV9a5DL8InfIoOHBPCxyTGyTr4=">AAACDnicbVDLSgMxFM34rPVVdekmWIS6KTNS1I1QdOOygm0H2qFkMpk2NI8hyQhl6D+IW/0Od+LWX/Az/AMz7Sys9UDI4Zxz4d4TJoxq47pfzsrq2vrGZmmrvL2zu7dfOTjsaJkqTNpYMqn8EGnCqCBtQw0jfqII4iEj3XB8m/vdR6I0leLBTBIScDQUNKYYGSv5eODV/LNrd1CpunV3BrhMvIJUQYHWoPLdjyROOREGM6R1z3MTE2RIGYoZmZb7qSYJwmM0JD1LBeJEB9ls3yk8tUoEY6nsEwbO1N8TWRhymwoli6CecPvrBRtxncs2wpEZLXm5+J/XS018FWRUJKkhAs/3iFMGjYR5NzCiimDDJpYgrKg9BeIRUggb22DZduT9bWSZdM7r3kW9cd+oNm+KtkrgGJyAGvDAJWiCO9ACbYABA8/gBbw6T86b8+58zKMrTjFzBBbgfP4ANLWbTQ==</latexit>

c1(X) = 0



‣ By the Calabi-Yau theorem, for compact Kähler manifolds with                , there exists 
a unique Ricci flat metric in the same Kähler class as a chosen reference metric 

‣ Solving / approximating               requires 2 derivatives of the metric / 4 derivatives 
of the Kähler potential         hard 

‣ Note: On every CY, there is a nowhere-vanishing holomorphic (d,0)-form     . From 
this, we can construct a volume form           (known analytically in local coordinates). 
This volume form is unique up to a constant,  

‣ This can be turned into a PDE of Monge-Ampere type 
 

‣ Note: Instead of approximating      (CY Kähler potential correction), we could also 
approximate          directly (subject to its Kähler form being closed,…)

CY metrics and the Monge-Ampere equation

<latexit sha1_base64="4IH2ixVw5pUS8TAcaPAI+SE3c4A=">AAACA3icbZDNSgMxFIXv1L9a/6ou3QSL4KrMiKjLohuXFewPtEPJpJlOaJIZkoxQhi7dutV3cCdufRBfwacw085C2x4IHL5zL9ycIOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoreNUEdoiMY9VN8CaciZpyzDDaTdRFIuA004wvsvzzhNVmsXy0UwS6gs8kixkBJsc9ZsRG1Rrbt2dCS0brzA1KNQcVH/6w5ikgkpDONa657mJ8TOsDCOcTiv9VNMEkzEe0Z61Eguq/Wx26xSdWTJEYazskwbN6N+NDAutJyKwkwKbSC9mOVyZBYFYxXupCW/8jMkkNVSS+QFhypGJUV4IGjJFieETazBRzP4BkQgrTIytrWLL8RarWDbti7p3Vb98uKw1bouaynACp3AOHlxDA+6hCS0gEMELvMKb8+y8Ox/O53y05BQ7x/BPztcvrQGXwg==</latexit>

�

<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)
<latexit sha1_base64="AQPc2YFN40vn2kd3D76vVao3JM4=">AAACDnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MZlFfuAdiiZTNrGJpkhyQhl6D+IW/0Od+LWX/Az/AMz7Sys9UDI4Zxz4d4TxJxp47pfTmFpeWV1rbhe2tjc2t4p7+41dZQoQhsk4pFqB1hTziRtGGY4bceKYhFw2gpG15nfeqRKs0jem3FMfYEHkvUZwcZK7bteyh4ml26vXHGr7hRokXg5qUCOeq/83Q0jkggqDeFY647nxsZPsTKMcDopdRNNY0xGeEA7lkosqPbT6b4TdGSVEPUjZZ80aKr+nkiDQNhUEPEQ6bGwv56zsdCZbCMCm+GCl4n/eZ3E9C/8lMk4MVSS2R79hCMToawbFDJFieFjSzBRzJ6CyBArTIxtsGQ78v42skiaJ1XvrHp6e1qpXeVtFeEADuEYPDiHGtxAHRpAgMMzvMCr8+S8Oe/OxyxacPKZfZiD8/kDpkGcLQ==</latexit>

Rij = 0

<latexit sha1_base64="ffBG91C8z1zddpa4mam+7mUkMn8=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN+6sYB/QDiWTybSxSWZIMkIp/QVxq9/hTtz6D36Gf2CmnYW1Hgg5nHMu3HuChDNtXPfLKaysrq1vFDdLW9s7u3vl/YOWjlNFaJPEPFadAGvKmaRNwwynnURRLAJO28HoOvPbj1RpFst7M06oL/BAsogRbKzU6t0KOsD9csWtujOgZeLlpAI5Gv3ydy+MSSqoNIRjrbuemxh/gpVhhNNpqZdqmmAywgPatVRiQbU/mW07RSdWCVEUK/ukQTP198QkCIRNBTEPkR4L++sFGwudyTYisBkueZn4n9dNTXTpT5hMUkMlme8RpRyZGGXNoJApSgwfW4KJYvYURIZYYWJsfyXbkfe3kWXSOqt659XaXa1Sv8rbKsIRHMMpeHABdbiBBjSBwAM8wwu8Ok/Om/PufMyjBSefOYQFOJ8/SjKbdQ==</latexit>

⌦
<latexit sha1_base64="MigCzmpNeXS5ywxIwIL9mlOBldI=">AAACHnicbVDLSgMxFM3UV62vquDGTbAIrsqMFHVZdOPOCvYBnaFkMnemocnMkGSUUvsv4la/w5241c/wD8y0XVjrgZCTc86Fm+OnnClt219WYWl5ZXWtuF7a2Nza3inv7rVUkkkKTZrwRHZ8ooCzGJqaaQ6dVAIRPoe2P7jK/fY9SMWS+E4PU/AEiWIWMkq0kXrlA/dGQETcBwgicH0ip+9euWJX7QnwInFmpIJmaPTK326Q0ExArCknSnUdO9XeiEjNKIdxyc0UpIQOSARdQ2MiQHmjyf5jfGyUAIeJNCfWeKL+nhj5vjApP+EBVkNhbjVnE6Fy2UQE0f0FLxf/87qZDi+8EYvTTENMp3uEGcc6wXlXOGASqOZDQwiVzHwF0z6RhGrTaMl05PxtZJG0TqvOWbV2W6vUL2dtFdEhOkInyEHnqI6uUQM1EUWP6Bm9oFfryXqz3q2PabRgzWb20Ryszx+kA6KE</latexit>

⌦ ^ ⌦̄

<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)
<latexit sha1_base64="s2IJhg/ULxmv7d6HsPqQKXNjjig="></latexit>

gCY = g + @@�
<latexit sha1_base64="mssQCsJJ+LxyTXi74Z7ChAj+Tqc="></latexit>

det(g + @@�) =  ⌦ ^ ⌦̄

<latexit sha1_base64="COcyfb46NOGwPzC8hX4BOZRCPnQ=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVnsxmUF+5A0lMlk0g6dZMLMjVhCv0Lc6ne4E7d+gZ/hHzhps7DWA8MczjkX7j1+IrgG2/6ySiura+sb5c3K1vbO7l51/6CjZaooa1MppOr5RDPBY9YGDoL1EsVI5AvW9cfN3O8+MKW5jO9gkjAvIsOYh5wSMJI7HPSBPULWvJ8OqjW7bs+Al4lTkBoq0BpUv/uBpGnEYqCCaO06dgJeRhRwKti00k81SwgdkyFzDY1JxLSXzVae4hOjBDiUyrwY8Ez9PZH5fmRSvhQB1pPI/HrBJpHOZROJCIyWvFz8z3NTCK+8jMdJCiym8z3CVGCQOK8HB1wxCmJiCKGKm1MwHRFFKJgSK6Yj528jy6RzVncu6ue357XGddFWGR2hY3SKHHSJGugGtVAbUSTRM3pBr9aT9Wa9Wx/zaMkqZg7RAqzPH7Lknd0=</latexit>gCY

[Calabi `54, `57; Yau `77, `78]

<latexit sha1_base64="s2IJhg/ULxmv7d6HsPqQKXNjjig="></latexit>

gCY = g + @@�

<latexit sha1_base64="7QrVfuFUjaMCygbQUE6u/Nr4Ys8=">AAACHHicbVDLSgMxFM3UV62v+ti5CRbBVZkpRd0IRTfixgr2AZ1puZNJ29BkZkgyQm37K+JWv8OduBX8DP/A9LGw1gMhh3POhXuPH3OmtG1/Waml5ZXVtfR6ZmNza3snu7tXVVEiCa2QiEey7oOinIW0opnmtB5LCsLntOb3rsZ+7YFKxaLwXvdj6gnohKzNCGgjtbIHN83gwu1BHMPQvRW0A8NmoZXN2Xl7ArxInBnJoRnKrey3G0QkETTUhINSDceOtTcAqRnhdJRxE0VjID3o0IahIQiqvMFk+xE+NkqA25E0L9R4ov6eGPi+MCk/4gFWfWF+NWeDUGPZRATo7oI3Fv/zGolun3sDFsaJpiGZ7tFOONYRHjeFAyYp0bxvCBDJzCmYdEEC0abPjOnI+dvIIqkW8s5pvnhXzJUuZ22l0SE6QifIQWeohK5RGVUQQY/oGb2gV+vJerPerY9pNGXNZvbRHKzPH51WoWw=</latexit>

Jd = |⌦|2

<latexit sha1_base64="XAV9a5DL8InfIoOHBPCxyTGyTr4=">AAACDnicbVDLSgMxFM34rPVVdekmWIS6KTNS1I1QdOOygm0H2qFkMpk2NI8hyQhl6D+IW/0Od+LWX/Az/AMz7Sys9UDI4Zxz4d4TJoxq47pfzsrq2vrGZmmrvL2zu7dfOTjsaJkqTNpYMqn8EGnCqCBtQw0jfqII4iEj3XB8m/vdR6I0leLBTBIScDQUNKYYGSv5eODV/LNrd1CpunV3BrhMvIJUQYHWoPLdjyROOREGM6R1z3MTE2RIGYoZmZb7qSYJwmM0JD1LBeJEB9ls3yk8tUoEY6nsEwbO1N8TWRhymwoli6CecPvrBRtxncs2wpEZLXm5+J/XS018FWRUJKkhAs/3iFMGjYR5NzCiimDDJpYgrKg9BeIRUggb22DZduT9bWSZdM7r3kW9cd+oNm+KtkrgGJyAGvDAJWiCO9ACbYABA8/gBbw6T86b8+58zKMrTjFzBBbgfP4ANLWbTQ==</latexit>

c1(X) = 0



‣ Since Yau’s proof is non-constructive, this does not give an analytic expression 
for the metric

History - Calabi-Yau metrics I



‣ Since Yau’s proof is non-constructive, this does not give an analytic expression 
for the metric 

‣ Donaldson approximated CY metrics by solving a different problem, i.e., finding 
balanced metrics of CYs X that are given as hypersurfaces in         

History - Calabi-Yau metrics I

<latexit sha1_base64="m4BzyzOftoMpIRWmbcBcl7lFPec=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtiNy4r2Ae005LJpG1oMhmSjFCG/oa41e9wJ27d+xn+gZl2FtZ6IeRwzrlw7glizrRx3S+nsLa+sblV3C7t7O7tH5QPj1paJorQJpFcqk6ANeUsok3DDKedWFEsAk7bwaSe6e1HqjST0YOZxtQXeBSxISPYWKrfE9iMg0Ck9casHw7KFbfqzgetAi8HFcinMSh/90JJEkEjQzjWuuu5sfFTrAwjnM5KvUTTGJMJHtGuhREWVPvpPPUMnVkmREOp7IsMmrO/N1Kby7oCyUOkp8L+eknGQme0tWRHrGgZ+Z/WTczwxk9ZFCeGRmSRY5hwZCTKGkIhU5QYPrUAE8XsKYiMscLE2B5LtiPvbyOroHVR9a6ql/eXldpt3lYRTuAUzsGDa6jBHTSgCQQUPMMLvDpPzpvz7nwsrAUn3zmGpXE+fwDh858E</latexit>

d



‣ Since Yau’s proof is non-constructive, this does not give an analytic expression 
for the metric 

‣ Donaldson approximated CY metrics by solving a different problem, i.e., finding 
balanced metrics of CYs X that are given as hypersurfaces in          

‣ They are obtained from a Kähler potential     

•     is a hermitian matrix that satisfies the condition 

•    is a vector of sections of 

• Note that for             and           , this is the Fubini-Study metric on           

History - Calabi-Yau metrics I

<latexit sha1_base64="L+58vqgBmPM1ubBC7W3RRZSHbdQ="></latexit>

(H�1)IJ̄ =
1

vol(X)

Z

X

s
I
s̄
J̄

s† ·H · s

<latexit sha1_base64="siOu1+kieUsoXzmr3IHDW3pLxO4=">AAACD3icbVA9SwNBEN3zM8avqKXNYlBiE+5E0UYI2gg2CkaFXAx7e5Nzyd7tsTsnhiP/wMa/YmOhiK2tnf/GzUeh0QfDPN6bYXdekEph0HW/nInJqemZ2cJccX5hcWm5tLJ6aVSmOdS5kkpfB8yAFAnUUaCE61QDiwMJV0HnuO9f3YE2QiUX2E2hGbMoEW3BGVqpVdo6PfQR7jGXKupVzI0fsigC7fNQIT2hw262W6WyW3UHoH+JNyJlMsJZq/Tph4pnMSTIJTOm4bkpNnOmUXAJvaKfGUgZ77AIGpYmLAbTzAf39OimVULaVtpWgnSg/tzIWWxMNw7sZMzw1ox7ffE/r5Fh+6CZiyTNEBI+fKidSYqK9sOhodDAUXYtYVwL+1fKb5lmHG2ERRuCN37yX3K5U/X2qu75brl2NIqjQNbJBqkQj+yTGjkhZ6ROOHkgT+SFvDqPzrPz5rwPRyec0c4a+QXn4xs3h5wd</latexit>

K = log(s† ·H · s)
<latexit sha1_base64="SKzCVfI8Kc37oRuJrpeYPo/j73k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix66bEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJWrd3kcBTiFM7gAD26gCjWoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBnsuM0A==</latexit>

H

<latexit sha1_base64="la1ucDPIGuxUc2FoRKazbcJiwDE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU0P1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3/eM+w==</latexit>s
<latexit sha1_base64="scRywbe4lVPitIEJAuuV6aH0ZLA=">AAAB+HicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRTdC0U2XFewD2qFk0kwbmmTGJCPUod/htq7ErR8j+Ddm2llo64HA4Zx7uScniDnTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1FGiCG2QiEeqHWBNOZO0YZjhtB0rikXAaSsY3Wd+65kqzSL5aMYx9QUeSBYygo2V/NptV2AzDAKRepNeqexW3BnQMvFyUoYc9V7pq9uPSCKoNIRjrTueGxs/xcowwumk2E00jTEZ4QHtWCqxoNpPZ6En6NQqfRRGyj5p0Ez9vZFiofVYBHYyi6gXvUw8t8H/8zuJCW/8lMk4MVSS+bEw4chEKGsB9ZmixPCxJZgoZvMiMsQKE2O7KtoivMVvL5PmRcW7qrgPl+XqXV5JAY7hBM7Ag2uoQg3q0AACT/AKU3hzXpyp8+58zEdXnHznCP7A+fwBIO+TWg==</latexit>

H =

<latexit sha1_base64="m4BzyzOftoMpIRWmbcBcl7lFPec=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtiNy4r2Ae005LJpG1oMhmSjFCG/oa41e9wJ27d+xn+gZl2FtZ6IeRwzrlw7glizrRx3S+nsLa+sblV3C7t7O7tH5QPj1paJorQJpFcqk6ANeUsok3DDKedWFEsAk7bwaSe6e1HqjST0YOZxtQXeBSxISPYWKrfE9iMg0Ck9casHw7KFbfqzgetAi8HFcinMSh/90JJEkEjQzjWuuu5sfFTrAwjnM5KvUTTGJMJHtGuhREWVPvpPPUMnVkmREOp7IsMmrO/N1Kby7oCyUOkp8L+eknGQme0tWRHrGgZ+Z/WTczwxk9ZFCeGRmSRY5hwZCTKGkIhU5QYPrUAE8XsKYiMscLE2B5LtiPvbyOroHVR9a6ql/eXldpt3lYRTuAUzsGDa6jBHTSgCQQUPMMLvDpPzpvz7nwsrAUn3zmGpXE+fwDh858E</latexit>

d

<latexit sha1_base64="aIbUxEkCfxHklYkh7hEKD11GkHc=">AAACH3icbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui27cWcHaQlvKZDpph84kYeZGLCEfI271O9yJ236Gf+CkzcJaLwxzOOdcuOd4keAaHGdqFVZW19Y3ipulre2d3T17/+BRh7GirElDEaq2RzQTPGBN4CBYO1KMSE+wlje+yfTWE1Oah8EDTCLWk2QYcJ9TAobq20ddSWBEiUju0n4X2DMk7bQyPuvbZafqzAYvAzcHZZRPo29/dwchjSULgAqidcd1IuglRAGngqWlbqxZROiYDFnHwIBIpnvJLECKTw0zwH6ozAsAz9jfG4nnSePyQjHAeiLNrxdkInVGG0uWZknLyP+0Tgz+VS/hQRQDC+j8Dj8WGEKclYUHXDEKYmIAoYqbKJiOiCIUTKUl05H7t5Fl8HhedS+qtftauX6dt1VEx+gEVZCLLlEd3aIGaiKKUvSK3tC79WJ9WJ/W19xasPKdQ7Qw1vQHsnajFA==</latexit>

OX(k)
<latexit sha1_base64="mmS9mruCcxb41E2aPUUR1NHvSTM=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdC0Y3LivYB7VAymUwbmkyGJCOUoV8gbvU73Ilbv8LP8A9M21lY64GQwznnwr0nSDjTxnW/nMLK6tr6RnGztLW9s7tX3j9oaZkqQptEcqk6AdaUs5g2DTOcdhJFsQg4bQejm6nffqRKMxk/mHFCfYEHMYsYwcZK96Mrr1+uuFV3BrRMvJxUIEejX/7uhZKkgsaGcKx113MT42dYGUY4nZR6qaYJJiM8oF1LYyyo9rPZqhN0YpUQRVLZFxs0U39PZEEgbCqQPER6LOyvF2ws9FS2EYHNcMmbiv953dREl37G4iQ1NCbzPaKUIyPRtBYUMkWJ4WNLMFHMnoLIECtMjC2vZDvy/jayTFpnVe+8WrurVerXeVtFOIJjOAUPLqAOt9CAJhAYwDO8wKvz5Lw5787HPFpw8plDWIDz+QOCuZnr</latexit>

k = 1
<latexit sha1_base64="m4BzyzOftoMpIRWmbcBcl7lFPec=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtiNy4r2Ae005LJpG1oMhmSjFCG/oa41e9wJ27d+xn+gZl2FtZ6IeRwzrlw7glizrRx3S+nsLa+sblV3C7t7O7tH5QPj1paJorQJpFcqk6ANeUsok3DDKedWFEsAk7bwaSe6e1HqjST0YOZxtQXeBSxISPYWKrfE9iMg0Ck9casHw7KFbfqzgetAi8HFcinMSh/90JJEkEjQzjWuuu5sfFTrAwjnM5KvUTTGJMJHtGuhREWVPvpPPUMnVkmREOp7IsMmrO/N1Kby7oCyUOkp8L+eknGQme0tWRHrGgZ+Z/WTczwxk9ZFCeGRmSRY5hwZCTKGkIhU5QYPrUAE8XsKYiMscLE2B5LtiPvbyOroHVR9a6ql/eXldpt3lYRTuAUzsGDa6jBHTSgCQQUPMMLvDpPzpvz7nwsrAUn3zmGpXE+fwDh858E</latexit>

d



‣ Since Yau’s proof is non-constructive, this does not give an analytic expression 
for the metric 

‣ Donaldson approximated CY metrics by solving a different problem, i.e., finding 
balanced metrics of CYs X that are given as hypersurfaces in          

‣ They are obtained from a Kähler potential     

•     is a hermitian matrix that satisfies the condition 

•    is a vector of sections of 

• Note that for             and           , this is the Fubini-Study metric on            

‣ In the limit               , the balanced metric becomes the Ricci-flat metric 

History - Calabi-Yau metrics I

[Donaldson `01; Donaldson 05]

<latexit sha1_base64="L+58vqgBmPM1ubBC7W3RRZSHbdQ="></latexit>

(H�1)IJ̄ =
1

vol(X)

Z

X

s
I
s̄
J̄

s† ·H · s

<latexit sha1_base64="siOu1+kieUsoXzmr3IHDW3pLxO4=">AAACD3icbVA9SwNBEN3zM8avqKXNYlBiE+5E0UYI2gg2CkaFXAx7e5Nzyd7tsTsnhiP/wMa/YmOhiK2tnf/GzUeh0QfDPN6bYXdekEph0HW/nInJqemZ2cJccX5hcWm5tLJ6aVSmOdS5kkpfB8yAFAnUUaCE61QDiwMJV0HnuO9f3YE2QiUX2E2hGbMoEW3BGVqpVdo6PfQR7jGXKupVzI0fsigC7fNQIT2hw262W6WyW3UHoH+JNyJlMsJZq/Tph4pnMSTIJTOm4bkpNnOmUXAJvaKfGUgZ77AIGpYmLAbTzAf39OimVULaVtpWgnSg/tzIWWxMNw7sZMzw1ox7ffE/r5Fh+6CZiyTNEBI+fKidSYqK9sOhodDAUXYtYVwL+1fKb5lmHG2ERRuCN37yX3K5U/X2qu75brl2NIqjQNbJBqkQj+yTGjkhZ6ROOHkgT+SFvDqPzrPz5rwPRyec0c4a+QXn4xs3h5wd</latexit>

K = log(s† ·H · s)
<latexit sha1_base64="SKzCVfI8Kc37oRuJrpeYPo/j73k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix66bEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJWrd3kcBTiFM7gAD26gCjWoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBnsuM0A==</latexit>

H

<latexit sha1_base64="la1ucDPIGuxUc2FoRKazbcJiwDE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU0P1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3/eM+w==</latexit>s
<latexit sha1_base64="scRywbe4lVPitIEJAuuV6aH0ZLA=">AAAB+HicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRTdC0U2XFewD2qFk0kwbmmTGJCPUod/htq7ErR8j+Ddm2llo64HA4Zx7uScniDnTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1FGiCG2QiEeqHWBNOZO0YZjhtB0rikXAaSsY3Wd+65kqzSL5aMYx9QUeSBYygo2V/NptV2AzDAKRepNeqexW3BnQMvFyUoYc9V7pq9uPSCKoNIRjrTueGxs/xcowwumk2E00jTEZ4QHtWCqxoNpPZ6En6NQqfRRGyj5p0Ez9vZFiofVYBHYyi6gXvUw8t8H/8zuJCW/8lMk4MVSS+bEw4chEKGsB9ZmixPCxJZgoZvMiMsQKE2O7KtoivMVvL5PmRcW7qrgPl+XqXV5JAY7hBM7Ag2uoQg3q0AACT/AKU3hzXpyp8+58zEdXnHznCP7A+fwBIO+TWg==</latexit>

H =
<latexit sha1_base64="WFixVujcveS8lvb5gWV4Ie/o2i8=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4kJKIoseiF48V7Ac2oWy2m3bpZjfsTpQQ+i+81pN49d8I/hu3bQ7a+mDg8d4MM/PCRHADrvvtrKyurW9slrbK2zu7e/uVg8OWUammrEmVULoTEsMEl6wJHATrJJqROBSsHY7upn77mWnDlXyELGFBTAaSR5wSsNLTyAflcxlB1qtU3Zo7A14mXkGqqECjV/ny+4qmMZNABTGm67kJBDnRwKlg47KfGpYQOiID1rVUkpiZIJ9dPManVunjSGlbEvBM/T2Rk9iYLA5tZ0xgaBa9qXgehvF/fjeF6CbIuUxSYJLOl0WpwKDwNALc55pREJklhGpu78V0SDShYIMq2yC8xbeXSeui5l3V3IfLav22iKSEjtEJOkMeukZ1dI8aqIkokugVTdCb8+JMnHfnY9664hQzR+gPnM8fkyiShw==</latexit>

k ! 1

<latexit sha1_base64="m4BzyzOftoMpIRWmbcBcl7lFPec=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtiNy4r2Ae005LJpG1oMhmSjFCG/oa41e9wJ27d+xn+gZl2FtZ6IeRwzrlw7glizrRx3S+nsLa+sblV3C7t7O7tH5QPj1paJorQJpFcqk6ANeUsok3DDKedWFEsAk7bwaSe6e1HqjST0YOZxtQXeBSxISPYWKrfE9iMg0Ck9casHw7KFbfqzgetAi8HFcinMSh/90JJEkEjQzjWuuu5sfFTrAwjnM5KvUTTGJMJHtGuhREWVPvpPPUMnVkmREOp7IsMmrO/N1Kby7oCyUOkp8L+eknGQme0tWRHrGgZ+Z/WTczwxk9ZFCeGRmSRY5hwZCTKGkIhU5QYPrUAE8XsKYiMscLE2B5LtiPvbyOroHVR9a6ql/eXldpt3lYRTuAUzsGDa6jBHTSgCQQUPMMLvDpPzpvz7nwsrAUn3zmGpXE+fwDh858E</latexit>

d

<latexit sha1_base64="aIbUxEkCfxHklYkh7hEKD11GkHc=">AAACH3icbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui27cWcHaQlvKZDpph84kYeZGLCEfI271O9yJ236Gf+CkzcJaLwxzOOdcuOd4keAaHGdqFVZW19Y3ipulre2d3T17/+BRh7GirElDEaq2RzQTPGBN4CBYO1KMSE+wlje+yfTWE1Oah8EDTCLWk2QYcJ9TAobq20ddSWBEiUju0n4X2DMk7bQyPuvbZafqzAYvAzcHZZRPo29/dwchjSULgAqidcd1IuglRAGngqWlbqxZROiYDFnHwIBIpnvJLECKTw0zwH6ozAsAz9jfG4nnSePyQjHAeiLNrxdkInVGG0uWZknLyP+0Tgz+VS/hQRQDC+j8Dj8WGEKclYUHXDEKYmIAoYqbKJiOiCIUTKUl05H7t5Fl8HhedS+qtftauX6dt1VEx+gEVZCLLlEd3aIGaiKKUvSK3tC79WJ9WJ/W19xasPKdQ7Qw1vQHsnajFA==</latexit>

OX(k)
<latexit sha1_base64="mmS9mruCcxb41E2aPUUR1NHvSTM=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdC0Y3LivYB7VAymUwbmkyGJCOUoV8gbvU73Ilbv8LP8A9M21lY64GQwznnwr0nSDjTxnW/nMLK6tr6RnGztLW9s7tX3j9oaZkqQptEcqk6AdaUs5g2DTOcdhJFsQg4bQejm6nffqRKMxk/mHFCfYEHMYsYwcZK96Mrr1+uuFV3BrRMvJxUIEejX/7uhZKkgsaGcKx113MT42dYGUY4nZR6qaYJJiM8oF1LYyyo9rPZqhN0YpUQRVLZFxs0U39PZEEgbCqQPER6LOyvF2ws9FS2EYHNcMmbiv953dREl37G4iQ1NCbzPaKUIyPRtBYUMkWJ4WNLMFHMnoLIECtMjC2vZDvy/jayTFpnVe+8WrurVerXeVtFOIJjOAUPLqAOt9CAJhAYwDO8wKvz5Lw5787HPFpw8plDWIDz+QOCuZnr</latexit>

k = 1
<latexit sha1_base64="m4BzyzOftoMpIRWmbcBcl7lFPec=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtiNy4r2Ae005LJpG1oMhmSjFCG/oa41e9wJ27d+xn+gZl2FtZ6IeRwzrlw7glizrRx3S+nsLa+sblV3C7t7O7tH5QPj1paJorQJpFcqk6ANeUsok3DDKedWFEsAk7bwaSe6e1HqjST0YOZxtQXeBSxISPYWKrfE9iMg0Ck9casHw7KFbfqzgetAi8HFcinMSh/90JJEkEjQzjWuuu5sfFTrAwjnM5KvUTTGJMJHtGuhREWVPvpPPUMnVkmREOp7IsMmrO/N1Kby7oCyUOkp8L+eknGQme0tWRHrGgZ+Z/WTczwxk9ZFCeGRmSRY5hwZCTKGkIhU5QYPrUAE8XsKYiMscLE2B5LtiPvbyOroHVR9a6ql/eXldpt3lYRTuAUzsGDa6jBHTSgCQQUPMMLvDpPzpvz7nwsrAUn3zmGpXE+fwDh858E</latexit>

d



‣ While Donaldson’s method gives nice convergence guarantees, it is not the 
most Ricci-flat metric that can be obtained for a given k

History - Calabi-Yau metrics II



‣ While Donaldson’s method gives nice convergence guarantees, it is not the 
most Ricci-flat metric that can be obtained for a given k

‣ Also, it is not clear that the basis choice in terms of sections of            is the most 
efficient choice

History - Calabi-Yau metrics II

<latexit sha1_base64="aIbUxEkCfxHklYkh7hEKD11GkHc=">AAACH3icbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui27cWcHaQlvKZDpph84kYeZGLCEfI271O9yJ236Gf+CkzcJaLwxzOOdcuOd4keAaHGdqFVZW19Y3ipulre2d3T17/+BRh7GirElDEaq2RzQTPGBN4CBYO1KMSE+wlje+yfTWE1Oah8EDTCLWk2QYcJ9TAobq20ddSWBEiUju0n4X2DMk7bQyPuvbZafqzAYvAzcHZZRPo29/dwchjSULgAqidcd1IuglRAGngqWlbqxZROiYDFnHwIBIpnvJLECKTw0zwH6ozAsAz9jfG4nnSePyQjHAeiLNrxdkInVGG0uWZknLyP+0Tgz+VS/hQRQDC+j8Dj8WGEKclYUHXDEKYmIAoYqbKJiOiCIUTKUl05H7t5Fl8HhedS+qtftauX6dt1VEx+gEVZCLLlEd3aIGaiKKUvSK3tC79WJ9WJ/W19xasPKdQ7Qw1vQHsnajFA==</latexit>

OX(k)



‣ While Donaldson’s method gives nice convergence guarantees, it is not the 
most Ricci-flat metric that can be obtained for a given k

‣ Also, it is not clear that the basis choice in terms of sections of            is the most 
efficient choice 

‣ This was implemented by Douglas et.al. for the quintic CY, a degree 5 hyper-
surface in

History - Calabi-Yau metrics II

[Douglas, Karp, Lukic, Reinbacher `06; Braun, Brelidze, Douglas, Ovrut `06]
<latexit sha1_base64="YJ1Olmj0joVBUPvTzA2uDZlUyC8=">AAACFHicbVDLSgMxFL3js9ZX1aWbYBFclRkp6rLYjcsK9gHttGQyaRuaTIYkI5ShvyFu9TvciVv3foZ/YKadhbVeCDmccy6ce4KYM21c98tZW9/Y3Nou7BR39/YPDktHxy0tE0Vok0guVSfAmnIW0aZhhtNOrCgWAaftYFLP9PYjVZrJ6MFMY+oLPIrYkBFsLNXvCWzGQSDSemPWrw5KZbfizgetAi8HZcinMSh990JJEkEjQzjWuuu5sfFTrAwjnM6KvUTTGJMJHtGuhREWVPvpPPUMnVsmREOp7IsMmrO/N1Kby7oCyUOkp8L+eknGQme0tWRHrGgZ+Z/WTczwxk9ZFCeGRmSRY5hwZCTKGkIhU5QYPrUAE8XsKYiMscLE2B6LtiPvbyOroHVZ8a4q1ftquXabt1WAUziDC/DgGmpwBw1oAgEFz/ACr86T8+a8Ox8L65qT75zA0jifP5NjntQ=</latexit>

4

<latexit sha1_base64="aIbUxEkCfxHklYkh7hEKD11GkHc=">AAACH3icbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui27cWcHaQlvKZDpph84kYeZGLCEfI271O9yJ236Gf+CkzcJaLwxzOOdcuOd4keAaHGdqFVZW19Y3ipulre2d3T17/+BRh7GirElDEaq2RzQTPGBN4CBYO1KMSE+wlje+yfTWE1Oah8EDTCLWk2QYcJ9TAobq20ddSWBEiUju0n4X2DMk7bQyPuvbZafqzAYvAzcHZZRPo29/dwchjSULgAqidcd1IuglRAGngqWlbqxZROiYDFnHwIBIpnvJLECKTw0zwH6ozAsAz9jfG4nnSePyQjHAeiLNrxdkInVGG0uWZknLyP+0Tgz+VS/hQRQDC+j8Dj8WGEKclYUHXDEKYmIAoYqbKJiOiCIUTKUl05H7t5Fl8HhedS+qtftauX6dt1VEx+gEVZCLLlEd3aIGaiKKUvSK3tC79WJ9WJ/W19xasPKdQ7Qw1vQHsnajFA==</latexit>

OX(k)



‣ While Donaldson’s method gives nice convergence guarantees, it is not the 
most Ricci-flat metric that can be obtained for a given k

‣ Also, it is not clear that the basis choice in terms of sections of            is the most 
efficient choice 

‣ This was implemented by Douglas et.al. for the quintic CY, a degree 5 hyper-
surface in

‣ Since then, several other groups have worked on approximating CY metrics 
using various techniques 

History - Calabi-Yau metrics II

[Douglas, Karp, Lukic, Reinbacher `06; Braun, Brelidze, Douglas, Ovrut `06]
<latexit sha1_base64="YJ1Olmj0joVBUPvTzA2uDZlUyC8=">AAACFHicbVDLSgMxFL3js9ZX1aWbYBFclRkp6rLYjcsK9gHttGQyaRuaTIYkI5ShvyFu9TvciVv3foZ/YKadhbVeCDmccy6ce4KYM21c98tZW9/Y3Nou7BR39/YPDktHxy0tE0Vok0guVSfAmnIW0aZhhtNOrCgWAaftYFLP9PYjVZrJ6MFMY+oLPIrYkBFsLNXvCWzGQSDSemPWrw5KZbfizgetAi8HZcinMSh990JJEkEjQzjWuuu5sfFTrAwjnM6KvUTTGJMJHtGuhREWVPvpPPUMnVsmREOp7IsMmrO/N1Kby7oCyUOkp8L+eknGQme0tWRHrGgZ+Z/WTczwxk9ZFCeGRmSRY5hwZCTKGkIhU5QYPrUAE8XsKYiMscLE2B6LtiPvbyOroHVZ8a4q1ftquXabt1WAUziDC/DgGmpwBw1oAgEFz/ACr86T8+a8Ox8L65qT75zA0jifP5NjntQ=</latexit>

4

<latexit sha1_base64="aIbUxEkCfxHklYkh7hEKD11GkHc=">AAACH3icbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui27cWcHaQlvKZDpph84kYeZGLCEfI271O9yJ236Gf+CkzcJaLwxzOOdcuOd4keAaHGdqFVZW19Y3ipulre2d3T17/+BRh7GirElDEaq2RzQTPGBN4CBYO1KMSE+wlje+yfTWE1Oah8EDTCLWk2QYcJ9TAobq20ddSWBEiUju0n4X2DMk7bQyPuvbZafqzAYvAzcHZZRPo29/dwchjSULgAqidcd1IuglRAGngqWlbqxZROiYDFnHwIBIpnvJLECKTw0zwH6ozAsAz9jfG4nnSePyQjHAeiLNrxdkInVGG0uWZknLyP+0Tgz+VS/hQRQDC+j8Dj8WGEKclYUHXDEKYmIAoYqbKJiOiCIUTKUl05H7t5Fl8HhedS+qtftauX6dt1VEx+gEVZCLLlEd3aIGaiKKUvSK3tC79WJ9WJ/W19xasPKdQ7Qw1vQHsnajFA==</latexit>

OX(k)

[Headrick, Nassar `09; Ashmore, He, Ovrut `19; Cui, Gray `19; Anderson, Gray, Gerdes, Krippendorf, Raghuram, FR `20; 
Douglas, Lakshminarasimhan, Qi `20; Jejjala, Mayorga Pena, Mishra `20; Larfors, Lukas, FR, Schneider `21 `22] 



‣ While Donaldson’s method gives nice convergence guarantees, it is not the 
most Ricci-flat metric that can be obtained for a given k

‣ Also, it is not clear that the basis choice in terms of sections of            is the most 
efficient choice 

‣ This was implemented by Douglas et.al. for the quintic CY, a degree 5 hyper-
surface in

‣ Since then, several other groups have worked on approximating CY metrics 
using various techniques 

‣ Kachru et.al. construct Ricci-flat metrics on K3s (given as toroidal orbifolds), 
but these methods do not generalize in an obvious way to d > 2 

History - Calabi-Yau metrics II

[Kachru, Tripathy, and Zimet `18, `20; Tripathy, Zimet `20]

[Douglas, Karp, Lukic, Reinbacher `06; Braun, Brelidze, Douglas, Ovrut `06]
<latexit sha1_base64="YJ1Olmj0joVBUPvTzA2uDZlUyC8=">AAACFHicbVDLSgMxFL3js9ZX1aWbYBFclRkp6rLYjcsK9gHttGQyaRuaTIYkI5ShvyFu9TvciVv3foZ/YKadhbVeCDmccy6ce4KYM21c98tZW9/Y3Nou7BR39/YPDktHxy0tE0Vok0guVSfAmnIW0aZhhtNOrCgWAaftYFLP9PYjVZrJ6MFMY+oLPIrYkBFsLNXvCWzGQSDSemPWrw5KZbfizgetAi8HZcinMSh990JJEkEjQzjWuuu5sfFTrAwjnM6KvUTTGJMJHtGuhREWVPvpPPUMnVsmREOp7IsMmrO/N1Kby7oCyUOkp8L+eknGQme0tWRHrGgZ+Z/WTczwxk9ZFCeGRmSRY5hwZCTKGkIhU5QYPrUAE8XsKYiMscLE2B6LtiPvbyOroHVZ8a4q1ftquXabt1WAUziDC/DgGmpwBw1oAgEFz/ACr86T8+a8Ox8L65qT75zA0jifP5NjntQ=</latexit>

4

<latexit sha1_base64="aIbUxEkCfxHklYkh7hEKD11GkHc=">AAACH3icbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui27cWcHaQlvKZDpph84kYeZGLCEfI271O9yJ236Gf+CkzcJaLwxzOOdcuOd4keAaHGdqFVZW19Y3ipulre2d3T17/+BRh7GirElDEaq2RzQTPGBN4CBYO1KMSE+wlje+yfTWE1Oah8EDTCLWk2QYcJ9TAobq20ddSWBEiUju0n4X2DMk7bQyPuvbZafqzAYvAzcHZZRPo29/dwchjSULgAqidcd1IuglRAGngqWlbqxZROiYDFnHwIBIpnvJLECKTw0zwH6ozAsAz9jfG4nnSePyQjHAeiLNrxdkInVGG0uWZknLyP+0Tgz+VS/hQRQDC+j8Dj8WGEKclYUHXDEKYmIAoYqbKJiOiCIUTKUl05H7t5Fl8HhedS+qtftauX6dt1VEx+gEVZCLLlEd3aIGaiKKUvSK3tC79WJ9WJ/W19xasPKdQ7Qw1vQHsnajFA==</latexit>

OX(k)

[Headrick, Nassar `09; Ashmore, He, Ovrut `19; Cui, Gray `19; Anderson, Gray, Gerdes, Krippendorf, Raghuram, FR `20; 
Douglas, Lakshminarasimhan, Qi `20; Jejjala, Mayorga Pena, Mishra `20; Larfors, Lukas, FR, Schneider `21 `22] 



‣ Appear in physical quantities, such as Yukawa couplings 
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‣ Appear in physical quantities, such as Yukawa couplings 

‣ Appear in equations of motion for the bundle in heterotic string theory. There exist 
algebraic (bundle stability) constraints due to Donaldson and Uhlenbeck-Yau, but 
these are difficult to check in practice 

‣ Appear in massive string spectrum computation (bundle cohomology only gives 
massless part), can be involved to compute (Grobner bases) 

‣ Needed to compute volumes of non-calibrated cycles / non-BPS quantities 

‣ Can we learn something about  

• Mirror symmetry / SYZ conjecture? 

• Existence of Ricci-flat metrics for SU(n) / G2 / SO(n) holonomy / structure manifolds, 
for which no existence proof is known?

Application for CY metrics

[Donaldson `85; Uhlenbeck, Yau `86]

[Strominger, Yau, Zaslow `96]
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‣ Often, string theorists like to explore two types of CY constructions: 

• Complete Intersections in products of projective ambient spaces 

• Hypersurfaces in toric ambient spaces 

‣ While we have these two special cases in mind, our techniques generalize to 
complete intersections (of K polynomials) in toric ambient spaces (of dimension D) 

‣ We want a uniform sample of points on these CY 

‣ To obtain points on such CYs, a (too naive) approach would be to take D-K random 
points in the toric ambient space and solve the equations for the remaining K 

‣ This is too naive, since we will not know how the points will be distributed after 
restriction to the Calabi-Yau

Finding points on the CY

[Candelas, Dale, Lutken, Schimmrigk `88;  
Green, Hubsch, Lutken `89]

[Kreuzer, Starke `00]



‣ Find a basis of Kähler cone generators

Sampling points - Change ambient space
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‣ Find a basis of Kähler cone generators 

‣ Calculate a basis of sections                                  in terms of the toric 
coordinates

Sampling points - Change ambient space
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‣ Find a basis of Kähler cone generators 

‣ Calculate a basis of sections                                  in terms of the toric 
coordinates 

‣ Define maps        from the toric coordinates into                          (nef 
divisors in toric varieties are base point free) 

Sampling points - Change ambient space
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‣ Find a basis of Kähler cone generators 

‣ Calculate a basis of sections                                  in terms of the toric 
coordinates 

‣ Define maps        from the toric coordinates into                          (nef 
divisors in toric varieties are base point free) 

‣ One can endow                        with an FS metric obtained from the Kähler  
 

potential                                             ,       hermitian (we take              )

Sampling points - Change ambient space
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‣ Construct random sections                             with 

‣ By a theorem due to Shiffman and Zelditch, the zeros of such sections are 
distributed w.r.t. the Fubini-Study measure on  

‣ Restrict points to the CY by intersecting D-K random sections with the K equations 
defining the CY

‣ The points obtained this way are then distributed w.r.t. the measure 
 
 

Sampling points - Random points with known distribution

[Shiffman,Zelditch `98; Douglas,Karp,Lukic,Reinbacher `06; 
Braun,Brelidze,Douglas,Ovrut `08]

<latexit sha1_base64="tjBpXPxNov0ZgMSfDE9ZusJi9tY="></latexit>

H
0(J (↵)

,A)

<latexit sha1_base64="kpNlbG/Zy1V0JtG8ppH2WpxQ27w="></latexit>

dA =
D�K̂

↵=1

�⇤
↵(J

↵)

<latexit sha1_base64="bKxn8OcEOKD/+fX0KrF7KZSs8uI="></latexit>

S(↵)
j =

r↵X

j=0

a(↵)j s↵j

<latexit sha1_base64="tK91V6Ris8CuSnn1YFaOzzwustU=">AAACK3icbVDLSgMxFM3UV62vqks3wSK0IGVGirosunElFewDOrXcSdM2NpkZkoxQhvkAP0bc6ne4Utz6Af6BmbYLa70QcjjnXLjneCFnStv2u5VZWl5ZXcuu5zY2t7Z38rt7DRVEktA6CXggWx4oyplP65ppTluhpCA8Tpve6DLVmw9UKhb4t3oc0o6Agc/6jIA2VDdfgO79XVx0gYdDKCWuYgK7AvSQAI+vk6J97JSMyy7bk8GLwJmBAppNrZv/dnsBiQT1NeGgVNuxQ92JQWpGOE1ybqRoCGQEA9o20AdBVSeehEnwkWF6uB9I83yNJ+zvjdjzhHF5Ae9hNRbmV3MyCJXSxpLGWNBS8j+tHen+eSdmfhhp6pPpHf2IYx3gtDjcY5ISzccGAJHMRMFkCBKINvXmTEfO30YWQeOk7JyWKzeVQvVi1lYWHaBDVEQOOkNVdIVqqI4IekTP6AW9Wk/Wm/VhfU6tGWu2s4/mxvr6AUp5ptU=</latexit>

a(↵)j ⇠ N (0, 1)



‣ Construct random sections                             with 

‣ By a theorem due to Shiffman and Zelditch, the zeros of such sections are 
distributed w.r.t. the Fubini-Study measure on  

‣ Restrict points to the CY by intersecting D-K random sections with the K equations 
defining the CY

‣ The points obtained this way are then distributed w.r.t. the measure 
 
 

‣ A different point sampling method for toric varieties based on a tropical sampling 
method for evaluating Feynman integrals was recently discussed in Borinski et.al.
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<latexit sha1_base64="tK91V6Ris8CuSnn1YFaOzzwustU=">AAACK3icbVDLSgMxFM3UV62vqks3wSK0IGVGirosunElFewDOrXcSdM2NpkZkoxQhvkAP0bc6ne4Utz6Af6BmbYLa70QcjjnXLjneCFnStv2u5VZWl5ZXcuu5zY2t7Z38rt7DRVEktA6CXggWx4oyplP65ppTluhpCA8Tpve6DLVmw9UKhb4t3oc0o6Agc/6jIA2VDdfgO79XVx0gYdDKCWuYgK7AvSQAI+vk6J97JSMyy7bk8GLwJmBAppNrZv/dnsBiQT1NeGgVNuxQ92JQWpGOE1ybqRoCGQEA9o20AdBVSeehEnwkWF6uB9I83yNJ+zvjdjzhHF5Ae9hNRbmV3MyCJXSxpLGWNBS8j+tHen+eSdmfhhp6pPpHf2IYx3gtDjcY5ISzccGAJHMRMFkCBKINvXmTEfO30YWQeOk7JyWKzeVQvVi1lYWHaBDVEQOOkNVdIVqqI4IekTP6AW9Wk/Wm/VhfU6tGWu2s4/mxvr6AUp5ptU=</latexit>

a(↵)j ⇠ N (0, 1)

[Borinsky, Sattelberger, Sturmfels, Telen `22]



‣ While we know the measure now, we introduced two complications 
• The CY is written in terms of xa and not in terms of  
• There are more sections than toric coordinates       relations among sections

Sampling points - New ambient space

<latexit sha1_base64="yYEIgib1V+2356OPFr9UotKJTEY=">AAAB9nicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvXisYj9gu5Rsmm1Ds8mSZNWy9Gd4rSfx6q8R/Dem7R609cHA470ZZuaFCWfauO63s7K6tr6xWdgqbu/s7u2XDg6bWqaK0AaRXKp2iDXlTNCGYYbTdqIojkNOW+Hwduq3nqjSTIpHM0poEOO+YBEj2FjJ7zyw/sBgpeRzt1R2K+4MaJl4OSlDjnq39NXpSZLGVBjCsda+5yYmyLAyjHA6LnZSTRNMhrhPfUsFjqkOstnJY3RqlR6KpLIlDJqpvycyHGs9ikPbGWMz0IveVDwPw/g/309NdB1kTCSpoYLMl0UpR0aiaQaoxxQlho8swUQxey8iA6wwMTapog3CW3x7mTQvKt5lpXpfLddu8kgKcAwncAYeXEEN7qAODSAg4RUm8Oa8OBPn3fmYt644+cwR/IHz+QM/BpLr</latexit>)

<latexit sha1_base64="f34y+rr9qrGTNQ8W39SMx2sotTY=">AAAB9nicbVDLSsNAFJ3UV62vqks3g0WoICWRoi6LblxWsA9IY5lMJ+3YeYSZiVhCPsNtXYlbv0bwb5y2WWj1wIXDOfdy7z1hzKg2rvvlFFZW19Y3ipulre2d3b3y/kFby0Rh0sKSSdUNkSaMCtIy1DDSjRVBPGSkE45vZn7niShNpbg3k5gEHA0FjShGxkq+fkir9DTrp49Zv1xxa+4c8C/xclIBOZr98mdvIHHCiTCYIa19z41NkCJlKGYkK/USTWKEx2hIfEsF4kQH6fzkDJ5YZQAjqWwJA+fqz4kUca0nPLSdHJmRXvZm4lkY8v98PzHRVZBSESeGCLxYFiUMGglnGcABVQQbNrEEYUXtvRCPkELY2KRKNghv+e2/pH1e8y5q9bt6pXGdR1IER+AYVIEHLkED3IImaAEMJHgBU/DqPDtT5815X7QWnHzmEPyC8/EN2muSqg==</latexit>

s(i)j



‣ While we know the measure now, we introduced two complications 
• The CY is written in terms of xa and not in terms of  
• There are more sections than toric coordinates       relations among sections 

‣ Can write the CY (i.e. sections of the anti-canonical bundle) in terms of sections of the 
Kähler cone generators

Sampling points - New ambient space

<latexit sha1_base64="yYEIgib1V+2356OPFr9UotKJTEY=">AAAB9nicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvXisYj9gu5Rsmm1Ds8mSZNWy9Gd4rSfx6q8R/Dem7R609cHA470ZZuaFCWfauO63s7K6tr6xWdgqbu/s7u2XDg6bWqaK0AaRXKp2iDXlTNCGYYbTdqIojkNOW+Hwduq3nqjSTIpHM0poEOO+YBEj2FjJ7zyw/sBgpeRzt1R2K+4MaJl4OSlDjnq39NXpSZLGVBjCsda+5yYmyLAyjHA6LnZSTRNMhrhPfUsFjqkOstnJY3RqlR6KpLIlDJqpvycyHGs9ikPbGWMz0IveVDwPw/g/309NdB1kTCSpoYLMl0UpR0aiaQaoxxQlho8swUQxey8iA6wwMTapog3CW3x7mTQvKt5lpXpfLddu8kgKcAwncAYeXEEN7qAODSAg4RUm8Oa8OBPn3fmYt644+cwR/IHz+QM/BpLr</latexit>)

<latexit sha1_base64="f34y+rr9qrGTNQ8W39SMx2sotTY=">AAAB9nicbVDLSsNAFJ3UV62vqks3g0WoICWRoi6LblxWsA9IY5lMJ+3YeYSZiVhCPsNtXYlbv0bwb5y2WWj1wIXDOfdy7z1hzKg2rvvlFFZW19Y3ipulre2d3b3y/kFby0Rh0sKSSdUNkSaMCtIy1DDSjRVBPGSkE45vZn7niShNpbg3k5gEHA0FjShGxkq+fkir9DTrp49Zv1xxa+4c8C/xclIBOZr98mdvIHHCiTCYIa19z41NkCJlKGYkK/USTWKEx2hIfEsF4kQH6fzkDJ5YZQAjqWwJA+fqz4kUca0nPLSdHJmRXvZm4lkY8v98PzHRVZBSESeGCLxYFiUMGglnGcABVQQbNrEEYUXtvRCPkELY2KRKNghv+e2/pH1e8y5q9bt6pXGdR1IER+AYVIEHLkED3IImaAEMJHgBU/DqPDtT5815X7QWnHzmEPyC8/EN2muSqg==</latexit>

s(i)j



‣ While we know the measure now, we introduced two complications 
• The CY is written in terms of xa and not in terms of  
• There are more sections than toric coordinates       relations among sections 

‣ Can write the CY (i.e. sections of the anti-canonical bundle) in terms of sections of the 
Kähler cone generators 

‣ Then we have (via maps       ) a variety in a product of projective spaces

Sampling points - New ambient space

<latexit sha1_base64="yYEIgib1V+2356OPFr9UotKJTEY=">AAAB9nicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvXisYj9gu5Rsmm1Ds8mSZNWy9Gd4rSfx6q8R/Dem7R609cHA470ZZuaFCWfauO63s7K6tr6xWdgqbu/s7u2XDg6bWqaK0AaRXKp2iDXlTNCGYYbTdqIojkNOW+Hwduq3nqjSTIpHM0poEOO+YBEj2FjJ7zyw/sBgpeRzt1R2K+4MaJl4OSlDjnq39NXpSZLGVBjCsda+5yYmyLAyjHA6LnZSTRNMhrhPfUsFjqkOstnJY3RqlR6KpLIlDJqpvycyHGs9ikPbGWMz0IveVDwPw/g/309NdB1kTCSpoYLMl0UpR0aiaQaoxxQlho8swUQxey8iA6wwMTapog3CW3x7mTQvKt5lpXpfLddu8kgKcAwncAYeXEEN7qAODSAg4RUm8Oa8OBPn3fmYt644+cwR/IHz+QM/BpLr</latexit>)

<latexit sha1_base64="U8KHe8bi/rMTQyUXB3WKZsIY76c=">AAACFXicbVDLSsNAFJ34rPUVdelmsAhdSEmkqCBC1Y3LCvYBTQyT6bQdOpOEmYlQQn7BrT/itq7ErTvBv3GSZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtvbRR3tza3tk19/bbMowFJi0cslB0fSQJowFpKaoY6UaCIO4z0vHHt5nfeSJC0jB4UJOIuBwNAzqgGCkteWbV4UiNMGLJdXrlhIpyIj3qXOay7/OkmT4mwqOpZ1asmpUDLhK7IBVQoOmZX04/xDEngcIMSdmzrUi5CRKKYkbSshNLEiE8RkPS0zRAerOb5B+l8FgrfTgIha5AwVz9PZEgLuWE+7ozO1TOe5l4os//z+/FanDhJjSIYkUCPFs2iBlUIcwign0qCFZsognCgup7IR4hgbDSQZZ1EPb824ukfVqzz2r1+3qlcVNEUgKH4AhUgQ3OQQPcgSZoAQyewSuYgjfjxZga78bHrHXJKGYOwB8Ynz+tGp/A</latexit>

A = ⌦i
ri

<latexit sha1_base64="f34y+rr9qrGTNQ8W39SMx2sotTY=">AAAB9nicbVDLSsNAFJ3UV62vqks3g0WoICWRoi6LblxWsA9IY5lMJ+3YeYSZiVhCPsNtXYlbv0bwb5y2WWj1wIXDOfdy7z1hzKg2rvvlFFZW19Y3ipulre2d3b3y/kFby0Rh0sKSSdUNkSaMCtIy1DDSjRVBPGSkE45vZn7niShNpbg3k5gEHA0FjShGxkq+fkir9DTrp49Zv1xxa+4c8C/xclIBOZr98mdvIHHCiTCYIa19z41NkCJlKGYkK/USTWKEx2hIfEsF4kQH6fzkDJ5YZQAjqWwJA+fqz4kUca0nPLSdHJmRXvZm4lkY8v98PzHRVZBSESeGCLxYFiUMGglnGcABVQQbNrEEYUXtvRCPkELY2KRKNghv+e2/pH1e8y5q9bt6pXGdR1IER+AYVIEHLkED3IImaAEMJHgBU/DqPDtT5815X7QWnHzmEPyC8/EN2muSqg==</latexit>

s(i)j

<latexit sha1_base64="bw5501UWcO/1zDxU371iVbeezCQ=">AAACE3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gGdsWQymTY0jzHJCGXoZ4hb/Q534tYP8DP8AzPtLKz1QMjhnHPh3hMmjGrjul9OaWV1bX2jvFnZ2t7Z3avuH3S0TBUmbSyZVL0QacKoIG1DDSO9RBHEQ0a64fg697uPRGkqxZ2ZJCTgaChoTDEyVgr81ojeZz5iyQhNB9WaW3dngMvEK0gNFGgNqt9+JHHKiTCYIa37npuYIEPKUMzItOKnmiQIj9GQ9C0ViBMdZLOlp/DEKhGMpbJPGDhTf09kYchtKpQsgnrC7a8XbMR1LtsIR2a05OXif14/NfFlkFGRpIYIPN8jThk0EuYFwYgqgg2bWIKwovYUiEdIIWxsjRXbkfe3kWXSOat75/XGbaPWvCraKoMjcAxOgQcuQBPcgBZoAwwewDN4Aa/Ok/PmvDsf82jJKWYOwQKczx81bZ6r</latexit>

�↵



‣ While we know the measure now, we introduced two complications 
• The CY is written in terms of xa and not in terms of  
• There are more sections than toric coordinates       relations among sections 

‣ Can write the CY (i.e. sections of the anti-canonical bundle) in terms of sections of the 
Kähler cone generators 

‣ Then we have (via maps       ) a variety in a product of projective spaces 

‣ But:
• Dimensionality of ambient space increased:                   
• Sections not independent      

 
CY is a non-complete intersection in a product of projective spaces

Sampling points - New ambient space

<latexit sha1_base64="yYEIgib1V+2356OPFr9UotKJTEY=">AAAB9nicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvXisYj9gu5Rsmm1Ds8mSZNWy9Gd4rSfx6q8R/Dem7R609cHA470ZZuaFCWfauO63s7K6tr6xWdgqbu/s7u2XDg6bWqaK0AaRXKp2iDXlTNCGYYbTdqIojkNOW+Hwduq3nqjSTIpHM0poEOO+YBEj2FjJ7zyw/sBgpeRzt1R2K+4MaJl4OSlDjnq39NXpSZLGVBjCsda+5yYmyLAyjHA6LnZSTRNMhrhPfUsFjqkOstnJY3RqlR6KpLIlDJqpvycyHGs9ikPbGWMz0IveVDwPw/g/309NdB1kTCSpoYLMl0UpR0aiaQaoxxQlho8swUQxey8iA6wwMTapog3CW3x7mTQvKt5lpXpfLddu8kgKcAwncAYeXEEN7qAODSAg4RUm8Oa8OBPn3fmYt644+cwR/IHz+QM/BpLr</latexit>)

<latexit sha1_base64="U8KHe8bi/rMTQyUXB3WKZsIY76c=">AAACFXicbVDLSsNAFJ34rPUVdelmsAhdSEmkqCBC1Y3LCvYBTQyT6bQdOpOEmYlQQn7BrT/itq7ErTvBv3GSZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtvbRR3tza3tk19/bbMowFJi0cslB0fSQJowFpKaoY6UaCIO4z0vHHt5nfeSJC0jB4UJOIuBwNAzqgGCkteWbV4UiNMGLJdXrlhIpyIj3qXOay7/OkmT4mwqOpZ1asmpUDLhK7IBVQoOmZX04/xDEngcIMSdmzrUi5CRKKYkbSshNLEiE8RkPS0zRAerOb5B+l8FgrfTgIha5AwVz9PZEgLuWE+7ozO1TOe5l4os//z+/FanDhJjSIYkUCPFs2iBlUIcwign0qCFZsognCgup7IR4hgbDSQZZ1EPb824ukfVqzz2r1+3qlcVNEUgKH4AhUgQ3OQQPcgSZoAQyewSuYgjfjxZga78bHrHXJKGYOwB8Ynz+tGp/A</latexit>

A = ⌦i
ri

<latexit sha1_base64="yYEIgib1V+2356OPFr9UotKJTEY=">AAAB9nicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvXisYj9gu5Rsmm1Ds8mSZNWy9Gd4rSfx6q8R/Dem7R609cHA470ZZuaFCWfauO63s7K6tr6xWdgqbu/s7u2XDg6bWqaK0AaRXKp2iDXlTNCGYYbTdqIojkNOW+Hwduq3nqjSTIpHM0poEOO+YBEj2FjJ7zyw/sBgpeRzt1R2K+4MaJl4OSlDjnq39NXpSZLGVBjCsda+5yYmyLAyjHA6LnZSTRNMhrhPfUsFjqkOstnJY3RqlR6KpLIlDJqpvycyHGs9ikPbGWMz0IveVDwPw/g/309NdB1kTCSpoYLMl0UpR0aiaQaoxxQlho8swUQxey8iA6wwMTapog3CW3x7mTQvKt5lpXpfLddu8kgKcAwncAYeXEEN7qAODSAg4RUm8Oa8OBPn3fmYt644+cwR/IHz+QM/BpLr</latexit>)

<latexit sha1_base64="f34y+rr9qrGTNQ8W39SMx2sotTY=">AAAB9nicbVDLSsNAFJ3UV62vqks3g0WoICWRoi6LblxWsA9IY5lMJ+3YeYSZiVhCPsNtXYlbv0bwb5y2WWj1wIXDOfdy7z1hzKg2rvvlFFZW19Y3ipulre2d3b3y/kFby0Rh0sKSSdUNkSaMCtIy1DDSjRVBPGSkE45vZn7niShNpbg3k5gEHA0FjShGxkq+fkir9DTrp49Zv1xxa+4c8C/xclIBOZr98mdvIHHCiTCYIa19z41NkCJlKGYkK/USTWKEx2hIfEsF4kQH6fzkDJ5YZQAjqWwJA+fqz4kUca0nPLSdHJmRXvZm4lkY8v98PzHRVZBSESeGCLxYFiUMGglnGcABVQQbNrEEYUXtvRCPkELY2KRKNghv+e2/pH1e8y5q9bt6pXGdR1IER+AYVIEHLkED3IImaAEMJHgBU/DqPDtT5815X7QWnHzmEPyC8/EN2muSqg==</latexit>

s(i)j

<latexit sha1_base64="4L2k1VD3L0WfScNr/ae8iXVPMQc=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqCsp6sJlBfuAdiyZTKYNTTJDkhFK6W+IW/0Od+LWvZ/hH5hpZ2GtBy45nHMu3Jwg4Uwb1/1yCkvLK6trxfXSxubW9k55d6+p41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8zvzWI1WaxfLejBLqC9yXLGIEGys9dHUqegwpO5fopleuuFV3CrRIvJxUIEe9V/7uhjFJBZWGcKx1x3MT44+xMoxwOil1U00TTIa4TzuWSiyo9sfTqyfoyCohimJlRxo0VX9vjINA2FQQ8xDpkbCvnrOx0JlsIwKbwYKXif95ndREF/6YySQ1VJLZHVHKkYlR1hAKmaLE8JElmChmv4LIACtMjO2xZDvy/jaySJonVe+senp3Wqld5W0V4QAO4Rg8OIca3EIdGkBAwTO8wKvz5Lw5787HLFpw8p19mIPz+QNYjJ4V</latexit>X

i

ri > D

<latexit sha1_base64="bw5501UWcO/1zDxU371iVbeezCQ=">AAACE3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gGdsWQymTY0jzHJCGXoZ4hb/Q534tYP8DP8AzPtLKz1QMjhnHPh3hMmjGrjul9OaWV1bX2jvFnZ2t7Z3avuH3S0TBUmbSyZVL0QacKoIG1DDSO9RBHEQ0a64fg697uPRGkqxZ2ZJCTgaChoTDEyVgr81ojeZz5iyQhNB9WaW3dngMvEK0gNFGgNqt9+JHHKiTCYIa37npuYIEPKUMzItOKnmiQIj9GQ9C0ViBMdZLOlp/DEKhGMpbJPGDhTf09kYchtKpQsgnrC7a8XbMR1LtsIR2a05OXif14/NfFlkFGRpIYIPN8jThk0EuYFwYgqgg2bWIKwovYUiEdIIWxsjRXbkfe3kWXSOat75/XGbaPWvCraKoMjcAxOgQcuQBPcgBZoAwwewDN4Aa/Ok/PmvDsf82jJKWYOwQKczx81bZ6r</latexit>

�↵



CY metrics for toric varieties and CICYs



‣ We want to think of the metric as a map 
 

Approximating the metric

<latexit sha1_base64="dXNfreJAoWj44INrGwxkot8Nt6w="></latexit>

MK ⇥MCS ⇥X
f�! {Hermitian d⇥ d matrix}



‣ We want to think of the metric as a map 
 

‣ We want to be agnostic about the precise functional form of the Kähler 
potential, choice of basis in which to write it down, etc.

Approximating the metric

<latexit sha1_base64="dXNfreJAoWj44INrGwxkot8Nt6w="></latexit>

MK ⇥MCS ⇥X
f�! {Hermitian d⇥ d matrix}



‣ We want to think of the metric as a map 
 

‣ We want to be agnostic about the precise functional form of the Kähler 
potential, choice of basis in which to write it down, etc. 

‣ The map f is probably a complicated function, which we approximate 
with a Neural Network (NN)

Approximating the metric

<latexit sha1_base64="dXNfreJAoWj44INrGwxkot8Nt6w="></latexit>

MK ⇥MCS ⇥X
f�! {Hermitian d⇥ d matrix}



‣ We want to think of the metric as a map 
 

‣ We want to be agnostic about the precise functional form of the Kähler 
potential, choice of basis in which to write it down, etc. 

‣ The map f is probably a complicated function, which we approximate 
with a Neural Network (NN)

‣ By a theorem of Cybenko in `89 (which has been further generalized 
since), NNs are, under mild assumptions, universal function 
approximators

Approximating the metric

<latexit sha1_base64="dXNfreJAoWj44INrGwxkot8Nt6w="></latexit>

MK ⇥MCS ⇥X
f�! {Hermitian d⇥ d matrix}

[Cybenko `89; …; Kidger, Lyons `19]



‣ NNs parameterize maps                            as 
compositions of affine maps                           
and component-wise non-linear functions 

Neural Networks
<latexit sha1_base64="BGT4KrzdVhZYcYE/cVZbe7atcK8=">AAACQHicbVA9T8MwFHT4LOWrwMhiUSExVQlCUDFVsDAWRGmlJkSO64CFY0f2C6KK8lf4MYgVdv4BG+rKhFM6AOVJlk9396R3F6WCG3DdN2dmdm5+YbGyVF1eWV1br21sXhmVaco6VAmlexExTHDJOsBBsF6qGUkiwbrR3Wmpd++ZNlzJSximLEjIjeQxpwQsFdaa8bGfELiNoiS/KK5zGfrAHiDnsih8UP9qKoOiCGt1t+GOB08DbwLqaDLtsDbyB4pmCZNABTGm77kpBDnRwKlgRdXPDEsJvSM3rG+hJAkzQT5OWOBdywxwrLR9EvCY/bmR2xutK1JigM0wsb/5JZPElLS1lIGmtJL8T+tnEDcDW0aaAZP0+444ExgULtvEA64ZBTG0gFDNbRRMb4kmFGznVduR97eRaXC13/AOGwfnB/XWyaStCtpGO2gPeegItdAZaqMOougRPaMX9Oo8Oe/OhzP6ts44k50t9Guczy9STLLd</latexit>

f : nin ! nout

<latexit sha1_base64="cC/fp16cZ23RIzMrE8xma0XCggQ=">AAACPHicbZC7SgNBFIZn4y3GW9TSZjAIVmFXgopV0MYyirlAdl1mJ5NkcC7LzKwQln0RH0Zs9Q3s7cTCxtrZJIUxOTDMz/efA+f8UcyoNq777hSWlldW14rrpY3Nre2d8u5eS8tEYdLEkknViZAmjArSNNQw0okVQTxipB09XOV++5EoTaW4M6OYBBwNBO1TjIxFYbnmazrgKExpduFzZIZRxNPb7D4VOcp8IxfQsFxxq+644LzwpqICptUIy99+T+KEE2EwQ1p3PTc2QYqUoZiRrOQnmsQIP6AB6VopECc6SMfXZfDIkh7sS2WfMHBM/06kdjnbFUnWg3rE7a9nbMR1jm1Lfsmcl8NFXjcx/fMgpSJODBF4skc/YdBImCcJe1QRbNjICoQVtadAPEQKYWPzLtmMvP+JzIvWSdU7rdZuapX65TStIjgAh+AYeOAM1ME1aIAmwOAJvIBX8OY8Ox/Op/M1aS0405l9MFPOzy9fqLDd</latexit>

�i :
ni ! ni

<latexit sha1_base64="2MqIsn3eUvm7/RVuKpVjsgk6/p4=">AAACOXicbZDLSsNAFIYnXmu9RV26GSyCG0siRcVV0Y3LKvYCTQ2T6aQdOpkJMxOhhDyHDyNu9RlcuhN34gs4abuwxgPD/Hz/OXDOH8SMKu04b9bC4tLyympprby+sbm1be/stpRIJCZNLJiQnQApwignTU01I51YEhQFjLSD0VXutx+IVFTwOz2OSS9CA05DipE2yLfd0E9pduFFSA+DIEpvs/uUG3TsZpmnRYFnmW9XnKozKVgU7kxUwKwavv3l9QVOIsI1ZkipruvEupciqSlmJCt7iSIxwiM0IF0jOYqI6qWT0zJ4aEgfhkKaxzWc0N8TqVnOdAWC9aEaR+ZXczaKVI5NS35Jwcvhf1430eF5L6U8TjTheLpHmDCoBcxjhH0qCdZsbATCkppTIB4iibA2YZdNRu7fRIqidVJ1T6u1m1qlfjlLqwT2wQE4Ai44A3VwDRqgCTB4BM/gBbxaT9a79WF9TlsXrNnMHpgr6/sH78ivFg==</latexit>

fi :
ni�1 ! ni



‣ NNs parameterize maps                            as 
compositions of affine maps                           
and component-wise non-linear functions 

Neural Networks
<latexit sha1_base64="BGT4KrzdVhZYcYE/cVZbe7atcK8=">AAACQHicbVA9T8MwFHT4LOWrwMhiUSExVQlCUDFVsDAWRGmlJkSO64CFY0f2C6KK8lf4MYgVdv4BG+rKhFM6AOVJlk9396R3F6WCG3DdN2dmdm5+YbGyVF1eWV1br21sXhmVaco6VAmlexExTHDJOsBBsF6qGUkiwbrR3Wmpd++ZNlzJSximLEjIjeQxpwQsFdaa8bGfELiNoiS/KK5zGfrAHiDnsih8UP9qKoOiCGt1t+GOB08DbwLqaDLtsDbyB4pmCZNABTGm77kpBDnRwKlgRdXPDEsJvSM3rG+hJAkzQT5OWOBdywxwrLR9EvCY/bmR2xutK1JigM0wsb/5JZPElLS1lIGmtJL8T+tnEDcDW0aaAZP0+444ExgULtvEA64ZBTG0gFDNbRRMb4kmFGznVduR97eRaXC13/AOGwfnB/XWyaStCtpGO2gPeegItdAZaqMOougRPaMX9Oo8Oe/OhzP6ts44k50t9Guczy9STLLd</latexit>

f : nin ! nout

…

…

…

<latexit sha1_base64="cC/fp16cZ23RIzMrE8xma0XCggQ=">AAACPHicbZC7SgNBFIZn4y3GW9TSZjAIVmFXgopV0MYyirlAdl1mJ5NkcC7LzKwQln0RH0Zs9Q3s7cTCxtrZJIUxOTDMz/efA+f8UcyoNq777hSWlldW14rrpY3Nre2d8u5eS8tEYdLEkknViZAmjArSNNQw0okVQTxipB09XOV++5EoTaW4M6OYBBwNBO1TjIxFYbnmazrgKExpduFzZIZRxNPb7D4VOcp8IxfQsFxxq+644LzwpqICptUIy99+T+KEE2EwQ1p3PTc2QYqUoZiRrOQnmsQIP6AB6VopECc6SMfXZfDIkh7sS2WfMHBM/06kdjnbFUnWg3rE7a9nbMR1jm1Lfsmcl8NFXjcx/fMgpSJODBF4skc/YdBImCcJe1QRbNjICoQVtadAPEQKYWPzLtmMvP+JzIvWSdU7rdZuapX65TStIjgAh+AYeOAM1ME1aIAmwOAJvIBX8OY8Ox/Op/M1aS0405l9MFPOzy9fqLDd</latexit>

�i :
ni ! ni

<latexit sha1_base64="2MqIsn3eUvm7/RVuKpVjsgk6/p4=">AAACOXicbZDLSsNAFIYnXmu9RV26GSyCG0siRcVV0Y3LKvYCTQ2T6aQdOpkJMxOhhDyHDyNu9RlcuhN34gs4abuwxgPD/Hz/OXDOH8SMKu04b9bC4tLyympprby+sbm1be/stpRIJCZNLJiQnQApwignTU01I51YEhQFjLSD0VXutx+IVFTwOz2OSS9CA05DipE2yLfd0E9pduFFSA+DIEpvs/uUG3TsZpmnRYFnmW9XnKozKVgU7kxUwKwavv3l9QVOIsI1ZkipruvEupciqSlmJCt7iSIxwiM0IF0jOYqI6qWT0zJ4aEgfhkKaxzWc0N8TqVnOdAWC9aEaR+ZXczaKVI5NS35Jwcvhf1430eF5L6U8TjTheLpHmDCoBcxjhH0qCdZsbATCkppTIB4iibA2YZdNRu7fRIqidVJ1T6u1m1qlfjlLqwT2wQE4Ai44A3VwDRqgCTB4BM/gBbxaT9a79WF9TlsXrNnMHpgr6/sH78ivFg==</latexit>

fi :
ni�1 ! ni

<latexit sha1_base64="yS3eflEHwFyd/dhNR3n2QzsKem0="></latexit>

zout↵ = �out(W
�,out
↵ �1(W

�,in
� zin� + bin� ) + bout↵ )



‣ NNs parameterize maps                            as 
compositions of affine maps                           
and component-wise non-linear functions 

‣ The NN is trained to approximate the 
desired function by updating the 
parameters of the affine maps. Typically 
linear methods (gradient descent) are used 
to find a optimum in parameter space

Neural Networks
<latexit sha1_base64="BGT4KrzdVhZYcYE/cVZbe7atcK8=">AAACQHicbVA9T8MwFHT4LOWrwMhiUSExVQlCUDFVsDAWRGmlJkSO64CFY0f2C6KK8lf4MYgVdv4BG+rKhFM6AOVJlk9396R3F6WCG3DdN2dmdm5+YbGyVF1eWV1br21sXhmVaco6VAmlexExTHDJOsBBsF6qGUkiwbrR3Wmpd++ZNlzJSximLEjIjeQxpwQsFdaa8bGfELiNoiS/KK5zGfrAHiDnsih8UP9qKoOiCGt1t+GOB08DbwLqaDLtsDbyB4pmCZNABTGm77kpBDnRwKlgRdXPDEsJvSM3rG+hJAkzQT5OWOBdywxwrLR9EvCY/bmR2xutK1JigM0wsb/5JZPElLS1lIGmtJL8T+tnEDcDW0aaAZP0+444ExgULtvEA64ZBTG0gFDNbRRMb4kmFGznVduR97eRaXC13/AOGwfnB/XWyaStCtpGO2gPeegItdAZaqMOougRPaMX9Oo8Oe/OhzP6ts44k50t9Guczy9STLLd</latexit>

f : nin ! nout

…

…

…

<latexit sha1_base64="cC/fp16cZ23RIzMrE8xma0XCggQ=">AAACPHicbZC7SgNBFIZn4y3GW9TSZjAIVmFXgopV0MYyirlAdl1mJ5NkcC7LzKwQln0RH0Zs9Q3s7cTCxtrZJIUxOTDMz/efA+f8UcyoNq777hSWlldW14rrpY3Nre2d8u5eS8tEYdLEkknViZAmjArSNNQw0okVQTxipB09XOV++5EoTaW4M6OYBBwNBO1TjIxFYbnmazrgKExpduFzZIZRxNPb7D4VOcp8IxfQsFxxq+644LzwpqICptUIy99+T+KEE2EwQ1p3PTc2QYqUoZiRrOQnmsQIP6AB6VopECc6SMfXZfDIkh7sS2WfMHBM/06kdjnbFUnWg3rE7a9nbMR1jm1Lfsmcl8NFXjcx/fMgpSJODBF4skc/YdBImCcJe1QRbNjICoQVtadAPEQKYWPzLtmMvP+JzIvWSdU7rdZuapX65TStIjgAh+AYeOAM1ME1aIAmwOAJvIBX8OY8Ox/Op/M1aS0405l9MFPOzy9fqLDd</latexit>

�i :
ni ! ni

<latexit sha1_base64="2MqIsn3eUvm7/RVuKpVjsgk6/p4=">AAACOXicbZDLSsNAFIYnXmu9RV26GSyCG0siRcVV0Y3LKvYCTQ2T6aQdOpkJMxOhhDyHDyNu9RlcuhN34gs4abuwxgPD/Hz/OXDOH8SMKu04b9bC4tLyympprby+sbm1be/stpRIJCZNLJiQnQApwignTU01I51YEhQFjLSD0VXutx+IVFTwOz2OSS9CA05DipE2yLfd0E9pduFFSA+DIEpvs/uUG3TsZpmnRYFnmW9XnKozKVgU7kxUwKwavv3l9QVOIsI1ZkipruvEupciqSlmJCt7iSIxwiM0IF0jOYqI6qWT0zJ4aEgfhkKaxzWc0N8TqVnOdAWC9aEaR+ZXczaKVI5NS35Jwcvhf1430eF5L6U8TjTheLpHmDCoBcxjhH0qCdZsbATCkppTIB4iibA2YZdNRu7fRIqidVJ1T6u1m1qlfjlLqwT2wQE4Ai44A3VwDRqgCTB4BM/gBbxaT9a79WF9TlsXrNnMHpgr6/sH78ivFg==</latexit>

fi :
ni�1 ! ni

<latexit sha1_base64="yS3eflEHwFyd/dhNR3n2QzsKem0="></latexit>

zout↵ = �out(W
�,out
↵ �1(W

�,in
� zin� + bin� ) + bout↵ )



‣ NNs parameterize maps                            as 
compositions of affine maps                           
and component-wise non-linear functions 

‣ The NN is trained to approximate the 
desired function by updating the 
parameters of the affine maps. Typically 
linear methods (gradient descent) are used 
to find a optimum in parameter space 

‣ For not fully understood reasons, this 
combination of parameterizing a map works 
unreasonably well. This is at the forefront of 
all ML breakthroughs in recent years and an 
active topic of research in CS

Neural Networks
<latexit sha1_base64="BGT4KrzdVhZYcYE/cVZbe7atcK8=">AAACQHicbVA9T8MwFHT4LOWrwMhiUSExVQlCUDFVsDAWRGmlJkSO64CFY0f2C6KK8lf4MYgVdv4BG+rKhFM6AOVJlk9396R3F6WCG3DdN2dmdm5+YbGyVF1eWV1br21sXhmVaco6VAmlexExTHDJOsBBsF6qGUkiwbrR3Wmpd++ZNlzJSximLEjIjeQxpwQsFdaa8bGfELiNoiS/KK5zGfrAHiDnsih8UP9qKoOiCGt1t+GOB08DbwLqaDLtsDbyB4pmCZNABTGm77kpBDnRwKlgRdXPDEsJvSM3rG+hJAkzQT5OWOBdywxwrLR9EvCY/bmR2xutK1JigM0wsb/5JZPElLS1lIGmtJL8T+tnEDcDW0aaAZP0+444ExgULtvEA64ZBTG0gFDNbRRMb4kmFGznVduR97eRaXC13/AOGwfnB/XWyaStCtpGO2gPeegItdAZaqMOougRPaMX9Oo8Oe/OhzP6ts44k50t9Guczy9STLLd</latexit>

f : nin ! nout

…

…

…

<latexit sha1_base64="cC/fp16cZ23RIzMrE8xma0XCggQ=">AAACPHicbZC7SgNBFIZn4y3GW9TSZjAIVmFXgopV0MYyirlAdl1mJ5NkcC7LzKwQln0RH0Zs9Q3s7cTCxtrZJIUxOTDMz/efA+f8UcyoNq777hSWlldW14rrpY3Nre2d8u5eS8tEYdLEkknViZAmjArSNNQw0okVQTxipB09XOV++5EoTaW4M6OYBBwNBO1TjIxFYbnmazrgKExpduFzZIZRxNPb7D4VOcp8IxfQsFxxq+644LzwpqICptUIy99+T+KEE2EwQ1p3PTc2QYqUoZiRrOQnmsQIP6AB6VopECc6SMfXZfDIkh7sS2WfMHBM/06kdjnbFUnWg3rE7a9nbMR1jm1Lfsmcl8NFXjcx/fMgpSJODBF4skc/YdBImCcJe1QRbNjICoQVtadAPEQKYWPzLtmMvP+JzIvWSdU7rdZuapX65TStIjgAh+AYeOAM1ME1aIAmwOAJvIBX8OY8Ox/Op/M1aS0405l9MFPOzy9fqLDd</latexit>

�i :
ni ! ni

<latexit sha1_base64="2MqIsn3eUvm7/RVuKpVjsgk6/p4=">AAACOXicbZDLSsNAFIYnXmu9RV26GSyCG0siRcVV0Y3LKvYCTQ2T6aQdOpkJMxOhhDyHDyNu9RlcuhN34gs4abuwxgPD/Hz/OXDOH8SMKu04b9bC4tLyympprby+sbm1be/stpRIJCZNLJiQnQApwignTU01I51YEhQFjLSD0VXutx+IVFTwOz2OSS9CA05DipE2yLfd0E9pduFFSA+DIEpvs/uUG3TsZpmnRYFnmW9XnKozKVgU7kxUwKwavv3l9QVOIsI1ZkipruvEupciqSlmJCt7iSIxwiM0IF0jOYqI6qWT0zJ4aEgfhkKaxzWc0N8TqVnOdAWC9aEaR+ZXczaKVI5NS35Jwcvhf1430eF5L6U8TjTheLpHmDCoBcxjhH0qCdZsbATCkppTIB4iibA2YZdNRu7fRIqidVJ1T6u1m1qlfjlLqwT2wQE4Ai44A3VwDRqgCTB4BM/gBbxaT9a79WF9TlsXrNnMHpgr6/sH78ivFg==</latexit>

fi :
ni�1 ! ni

<latexit sha1_base64="yS3eflEHwFyd/dhNR3n2QzsKem0="></latexit>

zout↵ = �out(W
�,out
↵ �1(W

�,in
� zin� + bin� ) + bout↵ )



‣ Several conceivable ways to approximate the metric 
 
 
 
 
 
 
 

‣ For some approximations, we need to impose conditions on top of 
the MA equation, e.g. that the metric is Kahler, that the Kahler class is 
not changed, and/or that it is well-defined on patch transitions

Metric approximations



‣ Total loss 

‣ Monge-Ampere loss 

‣ Kähler loss 

‣ Transition loss 

‣ Ricci loss (redundant since equivalent to MA loss) 

‣ Kähler class loss 

Different Losses

<latexit sha1_base64="FMDbS5gh8lqlC/9aj2J5ymVsuJg="></latexit>

cijk = @kgij̄ � @igkj̄,



Examples
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Example 1: Cubic in    a
<latexit sha1_base64="2mTcqUJCf/7/BEmut0W3PkIPrTA=">AAACFHicbVDLSgMxFM3UV62vqks3wSK4KjOlqMtiNy4r2Ae005LJZNrQPIYkI5ShvyFu9TvciVv3foZ/YKadhbVeCDmccy6ce4KYUW1c98spbGxube8Ud0t7+weHR+Xjk46WicKkjSWTqhcgTRgVpG2oYaQXK4J4wEg3mDYzvftIlKZSPJhZTHyOxoJGFCNjqeGAIzMJAp42W/NhbVSuuFV3MXAdeDmogHxao/L3IJQ44UQYzJDWfc+NjZ8iZShmZF4aJJrECE/RmPQtFIgT7aeL1HN4YZkQRlLZJwxcsL83UpvLugLJQqhn3P56RUZcZ7S1ZEesaRn5n9ZPTHTjp1TEiSECL3NECYNGwqwhGFJFsGEzCxBW1J4C8QQphI3tsWQ78v42sg46tap3Va3f1yuN27ytIjgD5+ASeOAaNMAdaIE2wECBZ/ACXp0n5815dz6W1oKT75yClXE+fwCQHZ7S</latexit>

2

<latexit sha1_base64="Qbhjt3DdQZapuRJF4VctlMROtQ8=">AAACF3icbVDLSsNAFJ3UV62PRl26GSyCq5JIUZdFNy4r2Ae0oUwmk3boJBNmbpQS+iHiVr/Dnbh16Wf4B07aLKz1wDCHc86Fe4+fCK7Bcb6s0tr6xuZWebuys7u3X7UPDjtapoqyNpVCqp5PNBM8Zm3gIFgvUYxEvmBdf3KT+90HpjSX8T1ME+ZFZBTzkFMCRhra1YFgISg+GgNRSj4O7ZpTd+bAq8QtSA0VaA3t70EgaRqxGKggWvddJwEvIwo4FWxWGaSaJYROyIj1DY1JxLSXzRef4VOjBDiUyrwY8Fz9PZH5fmRSvhQB1tPI/HrJJpHOZROJCIxXvFz8z+unEF55GY+TFFhMF3uEqcAgcV4SDrhiFMTUEEIVN6dgOiaKUDBVVkxH7t9GVknnvO5e1Bt3jVrzumirjI7RCTpDLrpETXSLWqiNKErRM3pBr9aT9Wa9Wx+LaMkqZo7QEqzPH9eEoAs=</latexit>$ ,

Pullback of Fubini-Study metric  
expressed in flat coordinates  
using Weierstrass     function<latexit sha1_base64="lk4J7ECeSDJPq4fISXF+DaRmI/Q=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2ge0Q8lkMm1oMhmSjFJKv0Dc6ne4E7d+hZ/hH5hpZ2GtB0IO55wL954g4Uwb1/1yCiura+sbxc3S1vbO7l55/6ClZaoIbRLJpeoEWFPOYto0zHDaSRTFIuC0HYyuM7/9QJVmMr4344T6Ag9iFjGCjZXueo9Jv1xxq+4MaJl4OalAjka//N0LJUkFjQ3hWOuu5ybGn2BlGOF0WuqlmiaYjPCAdi2NsaDan8xWnaITq4Qoksq+2KCZ+ntiEgTCpgLJQ6THwv56wcZCZ7KNCGyGS14m/ud1UxNd+hMWJ6mhMZnvEaUcGYmyWlDIFCWGjy3BRDF7CiJDrDAxtryS7cj728gyaZ1VvfNq7bZWqV/lbRXhCI7hFDy4gDrcQAOaQGAAz/ACr86T8+a8Ox/zaMHJZw5hAc7nDzBimlU=</latexit>}

Approximate CY metric, trained on  
10k points with 3 layer NN  
(around 20 seconds)

<latexit sha1_base64="1mTwwAOQFhcJMX9vj3S9SXVs6uc=">AAACGXicbVC7TsMwFHV4lvJKYWSxqJCYoqSqCmMFC2OR6ENqospxnNaqY0e2A1RVvwSxwnewIVYmPoM/wGkzUMqRLB+dc6507wlTRpV23S9rbX1jc2u7tFPe3ds/OLQrRx0lMolJGwsmZC9EijDKSVtTzUgvlQQlISPdcHyd+917IhUV/E5PUhIkaMhpTDHSRhrYFV+jzEdpKsUj9JxGjQ7squu4c8BV4hWkCgq0Bva3HwmcJYRrzJBSfc9NdTBFUlPMyKzsZ4qkCI/RkPQN5SghKpjOV5/BM6NEMBbSPK7hXP09MQ3DxKRCwSKoJon51ZKNEpXLJpIgPVrxcvE/r5/p+DKYUp5mmnC82CPOGNQC5jXBiEqCNZsYgrCk5hSIR0girE2ZZdOR97eRVdKpOV7Dqd/Wq82roq0SOAGn4Bx44AI0wQ1ogTbA4AE8gxfwaj1Zb9a79bGIrlnFzDFYgvX5A4e7n7s=</latexit>

⌧ ⇡ 1.62i
<latexit sha1_base64="fNU3uxzTzBdVMvk8asBgviwBfg4=">AAACK3icbVDLSsNAFJ3UV62vqks3g0UQxJK0RV0W3bisYB/QpmEymbRDJ5MwMxHa0A/wY8Stfocrxa0f4B84Sbuw1gt37uGcc2HucSNGpTLNdyO3srq2vpHfLGxt7+zuFfcPWjKMBSZNHLJQdFwkCaOcNBVVjHQiQVDgMtJ2Rzep3n4gQtKQ36txROwADTj1KUZKU06xNHHMfvVs4ljZW+lXz6u9SFKoed2W7op2mWUzK7gMrDkogXk1nOJ3zwtxHBCuMENSdi0zUnaChKKYkWmhF0sSITxCA9LVkKOASDvJjpnCE8140A+Fbq5gxv7eSFw30C43ZB6U40BPuSCjQKa0tgRIDZe0lPxP68bKv7ITyqNYEY5n//BjBlUI0+CgRwXBio01QFhQfQrEQyQQVjregs7I+pvIMmhVytZFuXZXK9Wv52nlwRE4BqfAApegDm5BAzQBBo/gGbyAV+PJeDM+jM+ZNWfMdw7BQhlfP3KipTA=</latexit>

z30 + z31 + z32 � 3 z0z1z2
<latexit sha1_base64="dg9woKiWZO8PJ4i7rwWIxgl/MHk="></latexit>

y2z = 4x3 + g2( )xz
2 + g3( )z

3



1. Compute the CY metric at different points in moduli space

Example 2: Massive KK modes for Quintic

<latexit sha1_base64="duGi4Cg/Oq1OYxQX7B+ti6wd2Kg="></latexit>

z50 + z51 + z52 + z53 + z54 � 5 z0z1z2z3z4 = 0



1. Compute the CY metric at different points in moduli space

Example 2: Massive KK modes for Quintic

<latexit sha1_base64="duGi4Cg/Oq1OYxQX7B+ti6wd2Kg="></latexit>

z50 + z51 + z52 + z53 + z54 � 5 z0z1z2z3z4 = 0

Orbifold 
Point

MUM 
point

Conifold 
point



1. Compute the CY metric at different points in moduli space 

2. Choose a (finite subset) of an (infinite) function basis         on 
 
 

Example 2: Massive KK modes for Quintic

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="hemqrtIwjOTa2LGsr9KMYnRfEak=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeqF48V7Ac0oUy223bpZhN2N0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6JmgkvWNNwI1kkUwygUrB2O72Z++4kpzWP5aCYJCyIcSj7gFI2VfD/zUSQj7N3401654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTa/eUrOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDK6DjMskNUzSxaJBKoiJySwA0ueKUSMmliBV3N5K6AgVUmNjKtkQvOWXV0nroupdVmsPtUr9No+jCCdwCufgwRXU4R4a0AQKCTzDK7w5qfPivDsfi9aCk88cwx84nz8B8ZGt</latexit>

{↵A}

w/           degree      monomials in    ‘s
<latexit sha1_base64="y8fcmgmZG2hTAC03Cyimqqq06Gc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWRoi6LblxWsA9oYphMJ+3QyWSYmQgh1F9x40IRt36IO//GaZuFth64cDjnXu69JxSMKu0431ZpbX1jc6u8XdnZ3ds/sA+PuipJJSYdnLBE9kOkCKOcdDTVjPSFJCgOGemFk5uZ33skUtGE3+tMED9GI04jipE2UmBXVeAhJsboIa9PAk+M6dk0sGtOw5kDrhK3IDVQoB3YX94wwWlMuMYMKTVwHaH9HElNMSPTipcqIhCeoBEZGMpRTJSfz4+fwlOjDGGUSFNcw7n6eyJHsVJZHJrOGOmxWvZm4n/eINXRlZ9TLlJNOF4silIGdQJnScAhlQRrlhmCsKTmVojHSCKsTV4VE4K7/PIq6Z433ItG865Za10XcZTBMTgBdeCCS9ACt6ANOgCDDDyDV/BmPVkv1rv1sWgtWcVMFfyB9fkDiCiUtA==</latexit>

s
(k�)
↵

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z
<latexit sha1_base64="GP1KJPF7R54tWk5LsWMFyWPZ7WU=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSa9zvJSPeL1e8qjcHXiV+TiqQo9Evf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQyYXgL7+8SloXVf+yWruvVeo3eRxFOIFTOAcfrqAOd9CAJlB4hGd4hTek0At6Rx+L1gLKZ47hD9DnD5YWjyY=</latexit>

k�



1. Compute the CY metric at different points in moduli space 

2. Choose a (finite subset) of an (infinite) function basis         on 
 
 

3. Expand                     and compute                                   w/ matrix elms 
 
 
  

Example 2: Massive KK modes for Quintic

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="hemqrtIwjOTa2LGsr9KMYnRfEak=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeqF48V7Ac0oUy223bpZhN2N0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6JmgkvWNNwI1kkUwygUrB2O72Z++4kpzWP5aCYJCyIcSj7gFI2VfD/zUSQj7N3401654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTa/eUrOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDK6DjMskNUzSxaJBKoiJySwA0ueKUSMmliBV3N5K6AgVUmNjKtkQvOWXV0nroupdVmsPtUr9No+jCCdwCufgwRXU4R4a0AQKCTzDK7w5qfPivDsfi9aCk88cwx84nz8B8ZGt</latexit>

{↵A}

<latexit sha1_base64="eZCn5db307YD+rZNT9EwG5U3ypQ=">AAACEnicbVC7TgJBFJ31ifhatbTZSEy0IbuGqI0JaGOJiTwSdiV3hwEmzM5OZmZJCPANNv6KjYXG2FrZ+TcOsIWCJ7nJmXPuzdx7QsGo0q77bS0tr6yurWc2sptb2zu79t5+VcWJxKSCYxbLegiKMMpJRVPNSF1IAlHISC3s3Uz8Wp9IRWN+rweCBBF0OG1TDNpITft05PdBii71JfAOI1fp86E08oGJLjRLqdO0c27encJZJF5KcihFuWl/+a0YJxHhGjNQquG5QgdDkJpiRsZZP1FEAO5BhzQM5RARFQynJ42dY6O0nHYsTXHtTNXfE0OIlBpEoemMQHfVvDcR//MaiW5fBkPKRaIJx7OP2glzdOxM8nFaVBKs2cAQwJKaXR3cBQlYmxSzJgRv/uRFUj3Le+f5wl0hV7xO48igQ3SETpCHLlAR3aIyqiCMHtEzekVv1pP1Yr1bH7PWJSudOUB/YH3+AHdWnpo=</latexit>

|'i = 'A|↵Ai
<latexit sha1_base64="FJuAzzq2FmhQCcpTvuJdL9tJUKk=">AAACF3icbVDLSgMxFM3UV62vUZdugkVwVWZE1I1Qqwt3VrAP6NRyJ03b0ExmSDKFMvQv3Pgrblwo4lZ3/o1pOwvbeuDC4Zx7k3uPH3GmtOP8WJml5ZXVtex6bmNza3vH3t2rqjCWhFZIyENZ90FRzgStaKY5rUeSQuBzWvP712O/NqBSsVA86GFEmwF0BeswAtpILbvg3VCuoZVclUbeAGTUY48lfIk9bt5oA76bdVp23ik4E+BF4qYkj1KUW/a31w5JHFChCQelGq4T6WYCUjPC6SjnxYpGQPrQpQ1DBQRUNZPJXSN8ZJQ27oTSlNB4ov6dSCBQahj4pjMA3VPz3lj8z2vEunPRTJiIYk0FmX7UiTnWIR6HhNtMUqL50BAgkpldMemBBKJNlDkTgjt/8iKpnhTcs8Lp/Wm+WErjyKIDdIiOkYvOURHdojKqIIKe0At6Q+/Ws/VqfVif09aMlc7soxlYX7/16p8v</latexit>

�AB'
B = �OAB'

B

w/           degree      monomials in    ‘s
<latexit sha1_base64="y8fcmgmZG2hTAC03Cyimqqq06Gc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWRoi6LblxWsA9oYphMJ+3QyWSYmQgh1F9x40IRt36IO//GaZuFth64cDjnXu69JxSMKu0431ZpbX1jc6u8XdnZ3ds/sA+PuipJJSYdnLBE9kOkCKOcdDTVjPSFJCgOGemFk5uZ33skUtGE3+tMED9GI04jipE2UmBXVeAhJsboIa9PAk+M6dk0sGtOw5kDrhK3IDVQoB3YX94wwWlMuMYMKTVwHaH9HElNMSPTipcqIhCeoBEZGMpRTJSfz4+fwlOjDGGUSFNcw7n6eyJHsVJZHJrOGOmxWvZm4n/eINXRlZ9TLlJNOF4silIGdQJnScAhlQRrlhmCsKTmVojHSCKsTV4VE4K7/PIq6Z433ItG865Za10XcZTBMTgBdeCCS9ACt6ANOgCDDDyDV/BmPVkv1rv1sWgtWcVMFfyB9fkDiCiUtA==</latexit>

s
(k�)
↵

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z
<latexit sha1_base64="GP1KJPF7R54tWk5LsWMFyWPZ7WU=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSa9zvJSPeL1e8qjcHXiV+TiqQo9Evf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQyYXgL7+8SloXVf+yWruvVeo3eRxFOIFTOAcfrqAOd9CAJlB4hGd4hTek0At6Rx+L1gLKZ47hD9DnD5YWjyY=</latexit>

k�

, (evaluated using MC integration)



1. Compute the CY metric at different points in moduli space 

2. Choose a (finite subset) of an (infinite) function basis         on 
 
 

3. Expand                     and compute                                   w/ matrix elms 
 
 
  

Example 2: Massive KK modes for Quintic

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="hemqrtIwjOTa2LGsr9KMYnRfEak=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeqF48V7Ac0oUy223bpZhN2N0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6JmgkvWNNwI1kkUwygUrB2O72Z++4kpzWP5aCYJCyIcSj7gFI2VfD/zUSQj7N3401654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTa/eUrOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDK6DjMskNUzSxaJBKoiJySwA0ueKUSMmliBV3N5K6AgVUmNjKtkQvOWXV0nroupdVmsPtUr9No+jCCdwCufgwRXU4R4a0AQKCTzDK7w5qfPivDsfi9aCk88cwx84nz8B8ZGt</latexit>

{↵A}

<latexit sha1_base64="eZCn5db307YD+rZNT9EwG5U3ypQ=">AAACEnicbVC7TgJBFJ31ifhatbTZSEy0IbuGqI0JaGOJiTwSdiV3hwEmzM5OZmZJCPANNv6KjYXG2FrZ+TcOsIWCJ7nJmXPuzdx7QsGo0q77bS0tr6yurWc2sptb2zu79t5+VcWJxKSCYxbLegiKMMpJRVPNSF1IAlHISC3s3Uz8Wp9IRWN+rweCBBF0OG1TDNpITft05PdBii71JfAOI1fp86E08oGJLjRLqdO0c27encJZJF5KcihFuWl/+a0YJxHhGjNQquG5QgdDkJpiRsZZP1FEAO5BhzQM5RARFQynJ42dY6O0nHYsTXHtTNXfE0OIlBpEoemMQHfVvDcR//MaiW5fBkPKRaIJx7OP2glzdOxM8nFaVBKs2cAQwJKaXR3cBQlYmxSzJgRv/uRFUj3Le+f5wl0hV7xO48igQ3SETpCHLlAR3aIyqiCMHtEzekVv1pP1Yr1bH7PWJSudOUB/YH3+AHdWnpo=</latexit>

|'i = 'A|↵Ai
<latexit sha1_base64="FJuAzzq2FmhQCcpTvuJdL9tJUKk=">AAACF3icbVDLSgMxFM3UV62vUZdugkVwVWZE1I1Qqwt3VrAP6NRyJ03b0ExmSDKFMvQv3Pgrblwo4lZ3/o1pOwvbeuDC4Zx7k3uPH3GmtOP8WJml5ZXVtex6bmNza3vH3t2rqjCWhFZIyENZ90FRzgStaKY5rUeSQuBzWvP712O/NqBSsVA86GFEmwF0BeswAtpILbvg3VCuoZVclUbeAGTUY48lfIk9bt5oA76bdVp23ik4E+BF4qYkj1KUW/a31w5JHFChCQelGq4T6WYCUjPC6SjnxYpGQPrQpQ1DBQRUNZPJXSN8ZJQ27oTSlNB4ov6dSCBQahj4pjMA3VPz3lj8z2vEunPRTJiIYk0FmX7UiTnWIR6HhNtMUqL50BAgkpldMemBBKJNlDkTgjt/8iKpnhTcs8Lp/Wm+WErjyKIDdIiOkYvOURHdojKqIIKe0At6Q+/Ws/VqfVif09aMlc7soxlYX7/16p8v</latexit>

�AB'
B = �OAB'

B

w/           degree      monomials in    ‘s
<latexit sha1_base64="y8fcmgmZG2hTAC03Cyimqqq06Gc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWRoi6LblxWsA9oYphMJ+3QyWSYmQgh1F9x40IRt36IO//GaZuFth64cDjnXu69JxSMKu0431ZpbX1jc6u8XdnZ3ds/sA+PuipJJSYdnLBE9kOkCKOcdDTVjPSFJCgOGemFk5uZ33skUtGE3+tMED9GI04jipE2UmBXVeAhJsboIa9PAk+M6dk0sGtOw5kDrhK3IDVQoB3YX94wwWlMuMYMKTVwHaH9HElNMSPTipcqIhCeoBEZGMpRTJSfz4+fwlOjDGGUSFNcw7n6eyJHsVJZHJrOGOmxWvZm4n/eINXRlZ9TLlJNOF4silIGdQJnScAhlQRrlhmCsKTmVojHSCKsTV4VE4K7/PIq6Z433ItG865Za10XcZTBMTgBdeCCS9ACt6ANOgCDDDyDV/BmPVkv1rv1sWgtWcVMFfyB9fkDiCiUtA==</latexit>

s
(k�)
↵

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z
<latexit sha1_base64="GP1KJPF7R54tWk5LsWMFyWPZ7WU=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSa9zvJSPeL1e8qjcHXiV+TiqQo9Evf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQyYXgL7+8SloXVf+yWruvVeo3eRxFOIFTOAcfrqAOd9CAJlB4hGd4hTek0At6Rx+L1gLKZ47hD9DnD5YWjyY=</latexit>

k�

‣ We compute at                   can compute the first 1,225 eigenvalues 
‣ For higher eigenvalues, lose accuracy due to finite truncation of basis   

<latexit sha1_base64="PzmwV0fKNZxqoeZmbyu/XLJRibo=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexqUC9C0IvHCOYByRJmJ5NkyOzsOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0e3Ubz5xbUSkHnAccz+kAyX6glG0UmvU7cRDcX3eLZbcsjsDWSZeRkqQodYtfnV6EUtCrpBJakzbc2P0U6pRMMknhU5ieEzZiA5421JFQ278dHbvhJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2r/xUqDhBrth8UT+RBCMyfZ70hOYM5dgSyrSwtxI2pJoytBEVbAje4svLpHFW9i7KlftKqXqTxZGHIziGU/DgEqpwBzWoAwMJz/AKb86j8+K8Ox/z1pyTzRzCHzifP47Oj6o=</latexit>

k� = 3 <latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)

, (evaluated using MC integration)
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<latexit sha1_base64="duGi4Cg/Oq1OYxQX7B+ti6wd2Kg="></latexit>

z50 + z51 + z52 + z53 + z54 � 5 z0z1z2z3z4 = 0
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‣ Approximate CY metrics in two steps: 
• Apply a theorem of Shiffman and Zelditch to find points on a CY with a known 

distribution 

• Use these points to train a NN to approximate (and interpolate) the CY metric 

‣ By adapting the loss that is optimized (e.g. relaxing       ), can find SU(n) / G2 
structure metrics 

‣ Very good (Ricci-flat) approximations obtained within very short time 

‣ Computed massive string spectrum (KK tower of Laplace operator) 

‣ Many other applications (HYM/stability, Yukawas, non-calibrated cycles, …)

Conclusions

<latexit sha1_base64="K9i+Psoj9XKfa+V4HHYdXq1ADlc=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdC0Y24qmAf0A4lk8m0oZlkSDJCKf0Dcavf4U7c+hN+hn9gpp2FtR4IOZxzLtx7goQzbVz3yymsrK6tbxQ3S1vbO7t75f2DlpapIrRJJJeqE2BNORO0aZjhtJMoiuOA03Ywusn89iNVmknxYMYJ9WM8ECxiBJtMCu+u3H654lbdGdAy8XJSgRyNfvm7F0qSxlQYwrHWXc9NjD/ByjDC6bTUSzVNMBnhAe1aKnBMtT+Z7TpFJ1YJUSSVfcKgmfp7YhIEsU0FkodIj2P76wUbxzqTbSTGZrjkZeJ/Xjc10aU/YSJJDRVkvkeUcmQkynpBIVOUGD62BBPF7CmIDLHCxNj2SrYj728jy6R1VvXOq7X7WqV+nbdVhCM4hlPw4ALqcAsNaAKBITzDC7w6T86b8+58zKMFJ585hAU4nz8Uv5o3</latexit>

dJ = 0
[Larfors, Lukas, FR `18; Anderson, Gray, Gerdes, Krippendorf, Raghuram, FR: 2012.04656]



‣ Approximate CY metrics in two steps: 
• Apply a theorem of Shiffman and Zelditch to find points on a CY with a known 

distribution 

• Use these points to train a NN to approximate (and interpolate) the CY metric 

‣ By adapting the loss that is optimized (e.g. relaxing       ), can find SU(n) / G2 
structure metrics 

‣ Very good (Ricci-flat) approximations obtained within very short time 

‣ Computed massive string spectrum (KK tower of Laplace operator) 

‣ Many other applications (HYM/stability, Yukawas, non-calibrated cycles, …)

Conclusions

<latexit sha1_base64="K9i+Psoj9XKfa+V4HHYdXq1ADlc=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdC0Y24qmAf0A4lk8m0oZlkSDJCKf0Dcavf4U7c+hN+hn9gpp2FtR4IOZxzLtx7goQzbVz3yymsrK6tbxQ3S1vbO7t75f2DlpapIrRJJJeqE2BNORO0aZjhtJMoiuOA03Ywusn89iNVmknxYMYJ9WM8ECxiBJtMCu+u3H654lbdGdAy8XJSgRyNfvm7F0qSxlQYwrHWXc9NjD/ByjDC6bTUSzVNMBnhAe1aKnBMtT+Z7TpFJ1YJUSSVfcKgmfp7YhIEsU0FkodIj2P76wUbxzqTbSTGZrjkZeJ/Xjc10aU/YSJJDRVkvkeUcmQkynpBIVOUGD62BBPF7CmIDLHCxNj2SrYj728jy6R1VvXOq7X7WqV+nbdVhCM4hlPw4ALqcAsNaAKBITzDC7w6T86b8+58zKMFJ585hAU4nz8Uv5o3</latexit>

dJ = 0

Thank you for your attention!
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