S%m’ng Motih 2022

gmoof%mg , scaﬂermg

and a conjecture of Fukaya

by /\/azc%ung Conan Leung

(The Chinese Universi ty of Hong Kong)

Jom% WOYl< wijch Kwokwai Chan
and  Ziming Ma

Supported by RGC granJcs CUHK 14301619, CUHK 14306720 CUHK 1430111%
CUHK 14303516 CUHK 14302215 and divect 3ran-’:s_



Ca’abi - YQM mam‘fou

(X, . J) Kahler, dime X = n
c(X)= 0

= (1) 3 ho’om.lolume §orm () e O°(X)
st ()C) = "/nl (Yau)

(Q)COMPIQX 'moc]u\i m 1S SMOO‘H’L ((Boaomo\ov—man’%c]om\/)



7] :{ Complex steuctures on >< }/anf(X)

(BTT) Wl smooth
(136. ’irxfmijcesima\ deformalztons Hl(X)TX> are uwobs{ruded)

10 éectf\ OPPﬂOOCl"»
>< — L‘{ \V
vany glui\nﬂ \)(unc%ions




Q,O Di%@wen%al ][orms o_ppnoac\n

9 v 9+

e ()X, Tx) =27 (X, Tx), 2. 3)
dgla (dq Lie a\gebro.)

satisfying Maurer-(andan equation (MC eqt)

S0 +xle.¢l=0 (2 +¢) =0



TC‘V‘O‘” expansion @(t FQ Y

MC eqt (2+ (P(JE>> 0 becomes
indinitesimall
34 = 0 == [x=[¢] < H3(X, T

5(&:“‘%{[% ,(P‘], and so on

CY = a\ways solvable



KzC Y

O (XN Tk) 22 Q72 (X)
RV openator /\ £ v

Ticm -Toclorov |emma:

(0. n1=A(0.0)- 8¢ 7+ ©a 07

denote PV (X)= CU7 (X, ATx) (polyvector fields)
(PV*(X) ,3,a.1 1,A) 4BV algebra



BOSOYY\O\ OV - Tian ’Todorov Jc%eorem

CY = A MC So\ujtion

FPﬂQowC :

1 e} n-i. <A Aa)
Lol & HOCR)= He (X Hodge-deRham
choose @, w/ AY.=0 degeneration

(@, 0] == ANQF =-3¢,, 1R 0™(X,Tx)

IV\CIUC‘}{\/e\y, JPE)=t@ +E+ P+ e (% (X, Tx)E]
So‘\/ina MC (:’fft ( 2 + CP(JL))Q\: O

H2 (X)




MOre aemeﬂaﬂy, we can SO‘\/@

(B +2A+@) =0 in (X AT = PV
_BaJ70leTli,<O\/ N ? "\/)"]S on m

Rk Differenbial form appnoach ques a
divect pnoof of unobstructedness, which

1S %OJE as %mnsparemjc N Cvled/\ QPPNOach.



Mirror Symmetry conjecture : CY n-folds X, X
Sympl (X, ) = Complex (X,())

Konteevich HMS cony. Fuk (X, )= DP(Coh (X, Q1))

Sjcromm%er - You- Zaslow conv\ecjcure =
X X
v dua\ ‘l:orus
1 \L 1 Speaal Laamnﬁian Jci[majcions

Vv
Legenc]re nean
/
B Y dual > B

|arge vo‘ume/comp\ex ste |imits

(LvL /LcsL)



v SYZ
Ger\eml (Xd)) ———?——-} (XQ)

S N |
quarkum Sk | KO - smoothing
c;r'rec‘h'on e : d gorma_l:l,o

J’ \L m(_x) : <\\ € . n,,
were O : Jfrom m;[‘im{)/
N/ é

L\/ L duO.\ N LC S L
T- g%er/

(Sinau\aﬂ Semi~§\a{



Start

(X.00)  Lage fbation @ . @
Z—q%c:ne )\’nambcol% / . G /é

W/ smcau QYI“T\QS

I&—— ><<

X _T*Bjo over B =B\S,

g 1B

dual Toric . 8 T PB° o1k
v fibna’h'on/ X TZBD ?‘,?:npoe(xamamgco\d




Fukaya proposal
1 gmgu\ar f EQTS

YA

/

gwe




Q Gﬁ'uing holomor phic disks

ScaHering diagmm q? (,OCLHS

glued holom. disk  ~ Gradient Jqow ‘Egee
qmr'" (tropical) | in B
(SJcraigH \ines n B)

» 91' = enena:km
I?_. V )/\/\/T 31=9 ' 9

sexies o\)c

s vesp.disk courtt
/ SJ_/ coy P urrt

SMCLw olaJta Skou\O‘ CJive ><s§F to X



Kontsevich - Soibelman (n=2)

Gross - Sié’b(’f\‘}l (\7' " )YQCOnchrchcion.

Consistent smoothi
Wall structure sczjtlteﬂ’ﬂg d;agramm o&mLZS ‘—ngJEO X

( \no]om. CliS]< COUY)SE m >V<> (c,ombinatoricd )

Scé~> i itial walls

9‘9‘”3 ~> new (scattered) toalls
0\1$\<S (COVTJCYOHQA Com\omorkoﬁa[\y)

by 'monodromy.



ScaHermﬁ dja(jmm av

NN

add mew walls

Consichency

\ Wa
-‘3;: 14y

f=1+2
A W,

/

-
-

7

O :e><p(103§; ®2) € Aut(C*?)

0,0,0, O, ;5 id

g‘umg Consis‘{ency (need new(\A/s,&))



ScaHermﬁ dja(jmm av

A Wa Ws
K"\%a:].} SS:]_-l-’X)’

/ fi=1+x
L

add mew walls

Consichency

O =expllogli ®2) € Aub(C?)
0,0,6,0),0, - id

Consis‘le ncy concl‘rhon I



Gross— Sie)aerjt cons{ruc%ion (B-side)

Cech aPPnoach to construct
Smoo{%ing of LCS L/%Oric degehe)‘ta‘tions




ScaHerimg
>< diegram /
© éec% appﬂoac\ﬂ/ t S
'IZOY;’c el
family.

(B, P, o)™ (B, P, )

GD’ polyl'\eclra\ ABCOVY]POSK')ZCOV\

(F’ Convex Piecewise QJCmee fumc‘hon
(~ample line bundle on Xg)



Dioqerenjcia\ ]Eorm appﬂoacln ?

1 complex ste} =1MC st = dgla
(up to =)



1° MC solution
— COWSLchemJL Scajcjterimg d{agvam.

2° LCSL Xo > X, wia

dej[orm otion Vvia dg\a

"®-Lunction” type forms trom walls (Wr.2r§7)
=1 sy ®% @2 <X T)
= deform X740 X |




1° Maurer- Cantan colution => concistent scattering diagram

(Wa, §2) Vowall (Wi, fi)
;= §ix ® g -E; ® 2.
e ﬂﬂﬂﬂ > 0.1 sf \.o
S, (e (Wl,é‘;) S Q , ( >< ,TX )
5 : (X*=T58 ) (i smoothing of S-funckion)

( only consider diff. form ~ Spolyhedron.)

SCOAZJCGY‘(V\@ occurs on Brea. Local Pnoblem.

Cach @i satisfies MC BQJE., but (p + %2 does not.



Theorem 1 (Chan-L.-Ma)

@ + ¢, + ng ) Sws b ® fog Jo,® D .

So\Ves MC Eq},. ©s

(xe§: Chan-L-Ma, Scattering diagrams Jcrom asymp{o%ics avolysis on MC eqt. (]EMS))

D)f MC egﬁ is solved via

Kurihis%i Summanion oven vaees J[ormula.

‘ Asymp'ko{ic O.HO.‘YS)'S on SO‘M'IT&'OHS.



2° Maurer Cantan colution =>Smoothing

Recall :(classical case)  Start (X.?2)
S‘kepl. Consider X*Ctx w/ (3)=0 ot t=0

Step2. Solve MC eqt (D + (?(f»l:o V't via BTT

[SW’\OO‘HN(WQ}
S'}fepl is highly nontrivial for smoothing.

w/ velative pres dgBV
X A o

exceP{ O_nl)a at 1=0

Sjtep 2. pre - -dgBV =T golve MC e

> gmoolc\mmg



Theorem 2 ( Chan-L.-Ma)

\”837' Chan-L.-Ma, Geome‘hy 03[ MC eq‘\: near degen C\( varieties, (JDC))

(1) COV\SJEYcht pre- c\gla PV L)y g|um3 p\/\/d/@ S
(&) Solve MC eqt via BT T approach

m—> smoothing of LCSL.

ch}mi ues N
COT’- v oot eBaraghhikov/ %_\/H S hean LCSL

Rk : This method is quite {lexible.
Cav\ Qmoo-l;l’\ oﬂ'\er Siwgulan vanie%fes

besides LCSL (Felten- Filip-Rua[d(ﬁ ).



Pl of Thm2 :[Step 1 g
p(e—o\@B\/ P\/*’* 1S constructed via v

(non- holo) %\umg o§ local models v‘* Y

To include  singulan skt S =B

B =S Consider b o
LCSL of K3 sudace Xo = UP

local model \/, p\/;:j@ dg BV olg

9

RN Singularier o\g |03 structure WV ={uv==t§]
(zeros 05 JCP e H° (P, O)

G\umg oJC PNy c 1 mot easyj



via COHJEVQCJCM
amoebas to %raphs.

* Y coherent skeobc T/ X~ Rx}u*q =0

(. Confrac%(ng Steins domams>

><O — \/d:/‘[](/m(\/d)) (\/El! local mo?\e\> \/0\ — \/o{
Clein of smoothing J/ J/

a
B :/"‘(\/ﬁ 0o < @JE




P \/oime — () W(Vd),ﬂ%w\o@gé/@g( |og))
glue I C J
Sl’\qu og Lie a‘g, oven T \a)

PV over B

R)< Chotce OOC neso\ujcion 1S clu\{e S\ex\b‘e

eg_w\om \A)Wmey vesol™, this Panjc;cu\an one
can see the link {0 tropical geome)cry
(‘Y\ame?l\/ Tl’)m 3).



[S{ep 2|
MOJM’GY"C&T{QH QQ\AQJUO}Q: /\:a:?;:i:mbundle
(3 +@)* =0 for =PV
®

(2 +@)eSQ) =0 for f=PVW."~

0

(2 +z20)0 +3[0.8]=0
where @:C€+Z§

Solved \O\/ BTT method = Thm. 2.



Theoren 3 (Chan-L.-Ma)
asym. exPcmsl'om OJC @

> 9}|oba| congistent ScaHeYing diagram
(ref: Chan-L.-Ma. Smoothing, scattering and corecture of Fukaya. axiv2205.0%92¢)

Remark : ongxqi ve X% = TF

¥ Mo
T, B
n = Qu 5@\’—:““”— fP—"FRHW w/ "monodromy on
w%l T : A coovdi. U, VU, W
v in;favni]y sf
X
éOZ{HU:O}xCW T Xt

¥.={uv=t(r+w)}



(P\/** )@ >

e =PV 346, )

strata

(@n Concevw%m{eol on
MC sol? © \UTHM M} ihi‘}:\}al walls ~ Gunlt=0)F 0

(PV* 5+e) > (PVY 9+¢.+ @)

BO \wdima
strata
@ concentrated

on Codim 1 wa\\s

\||/THM1

congistent
scaHen'ng diagmm

THM3




