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4d N=1 gauge theory

• Minimal SUSY in 4d: 


• Interesting RG physics: Confinement, chiral symmetry breaking, etc.


• (Seiberg) dualities, holography (IIB  , D3 @ CY cone)


• Growing mathematical connections
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Holomorphic twist
• Pass to cohomology of    (add to BRST charge)


• Simplified theory, mathematically more treatable


• Holomorphic: 


• Infinite (derived) symmetry algebra


• Complex symplectomorphisms of space-time


• Holomorphic flavour rotations / 4d Kac-Moody
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Traditional SUSY tools I
• N=1 SCFT: SU(2,2|1) superconformal symmetry


• Superconformal index:


• Witten index, counts operators annihilated by  


• Computable from free theory


• Invariant under dualities (elliptic hypergeometric identities)


• Same as cohomology of  : (holomorphic) twist!


• Partition function on 
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Traditional SUSY tools II
• Chiral operators:   modulo           


• Almost a cohomology, but not quite


•   ==> Non-singular OPE: chiral ring


• SUSY vacua ==> spectrum of chiral ring


• Constrained quantum corrections


• F-terms: 

Q↵̇O = 0
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Local operators

• Semi-chiral ring: no meromorphic OPE singularities


• Descent relation: 


• Lambda bracket: 


• Higher operations: 


• Holomorphic factorization algebra

O
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Special Symmetries

• SCFT: Stress tensor 


• Extends holomorphic conformal group


• Non-SCFT: 


• Flavor current J 


• Holomorphic flavour rotations
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Quantum corrections
• Perturbative and non-perturbative


• Perturbative example: 1-loop beta function 


• Generalized Konishi anomaly, etc. 


• Q(tree) + Q(1-loop) not nilpotent: higher loops needed


• Which Feynman diagrams? 


• Unknown non-perturbative corrections


• Symmetry constraints? 



Perturbative corrections
• Determined by higher brackets in free theory (assume homotopy transfer)


• Compute holomorphic factorization algebra for free theory


• Feynman diagram expansion 


• Analogy: Kontsevich calculations in 2d B-model

QO = {I,O}0 + {I, I,O}0,0 + {I, I, I,O}0,0,0 + · · ·
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Feynman diagrams
• Superfields 


• Forms = functions on superspace


• Free action: 


• Super-propagator P is a 1-form


• Laman graphs: 2 vertices - edges =3, greater for induced subgraphs


•
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Universal Feynman integral

• Manipulate to Fourier transform of a region in 


• Manifestly UV and IR finite


• Satisfies a quadratic identity (purely geometric)


• Implies associativity of Holomorphic Factorization Algebra


• Bootstrappable from 1-loop 
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Z

R4V �4
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"
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P✏(xe(0) � xe(1) + ze, x̄e(0) � x̄e(1))

#"
V�1Y

v=1

e�v·xvd2xv

#
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Pure gauge theory I

• Holomorphic BF theory 


• Coupling only affects instantons, unless position-dependent


• Free cohomology: 


• Tree: 


• 1-loop: acts on 2 letters, adds 2 derivatives 

Z
Tr b

�
@̄c� [c, c]

�
+

Z
⌧ Tr@↵c @

↵c

<latexit sha1_base64="1GH0PlSS7kR7sThGxaAjWAEW5kg="></latexit>

C[b, @↵b, @↵@�b, · · · , @↵c, @↵@�c, · · · ]G

<latexit sha1_base64="P8n0AYA2Lq7sd1Jke669043qk/I="></latexit>

Q0b = [c, b] Q0c =
1

2
[c, c]

<latexit sha1_base64="ohg2Jxfn2vQf9JN35sMexF2JKgM=">AAACGnicbVBLS8NAGNzUV62vqEcvi0XwICUpFb0IRS8eW7APSELYbDbt0s2juxuhhP4OL/4VLx4U8SZe/Ddu2gjaOrDsMDMfu994CaNCGsaXVlpZXVvfKG9WtrZ3dvf0/YOuiFOOSQfHLOZ9DwnCaEQ6kkpG+gknKPQY6Xmjm9zv3RMuaBzdyUlCnBANIhpQjKSSXN1suwb04BW08JnnQHs8TpH/c+UeVp4dcITNep7BjqtXjZoxA1wmZkGqoEDL1T9sP8ZpSCKJGRLCMo1EOhnikmJGphU7FSRBeIQGxFI0QiERTjZbbQpPlOLDIObqRBLO1N8TGQqFmISeSoZIDsWil4v/eVYqg0sno1GSShLh+UNByqCMYd4T9CknWLKJIghzqv4K8RCpHqRqs6JKMBdXXibdes1s1M7bjWrzuqijDI7AMTgFJrgATXALWqADMHgAT+AFvGqP2rP2pr3PoyWtmDkEf6B9fgONLJ16</latexit>



Pure gauge theory II

• Holomorphic confinement: 


• Holomorphic BF theory is secretly topological!


• Must remain true in IR: constraint on IR behaviour


• Compatible with confinement


• Computing low-level cohomology numerically. 
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Large N pure gauge theory

• Tree level: 


• 1-loop: only gh. nr. 2 tower, no derivatives


• Holographic dual: B-model with D4 back-reaction


• Compute brackets, compare with dual? 


• Can be extended to SQCD
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Some future directions

• Representation theory of symmetry algebras 


• Minimal models? 


• SQCD, Seiberg duality (requires non-perturbative corrections)


• Large N: compute brackets in twisted SUGRA (5d B-model)


• 3d N=2 hol-top twist, 6d holomorphic twist, etc. 


