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Motivation

To understand

• mixed Chern-Simons levels of 3d N = 2 theories [see e.g.Dorey,Tong,1999]

• construction of theories using the 3d-3d correspondence [Terashima,

Yamazaki, 2011][Dimofte, Gaiotto, Gukov, 2011]

• knots-quivers correspondence [Kucharski, Reineke, Stosic, Su lkowski, 2017]
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3d N = 2 Abelian theories

• Gauge groups: U(1)× · · · × U(1).

• Mixed Chern-Simons levels

SCS = kij

∫
AidAj , kij = kji .

• The effective Chern-Simons levels keff
ij ∈ Z.

• Vector multiplet: FI parameter ξ

• Chiral multiplet: mass parameter m → flavor symmetry U(1)m.

• Superpotential: W = Φ1Φ2Φ3 · · · .
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3d-3d correspondence

• 6d (2, 0) theories
M3−−−−→ 3d N = 2 theories

• Wrap one M5-brane
M3−−−−→ Abelian theories

• M3 can be plumbing manifolds.
[Gadde,Gukov,Putrov,2013][Gukov,Putrov,Vafa,2016][Gukov,Pei,Putrov,Vafa,2017]

4 / 23



Plumbing graphs

• Plumbing manifolds are represented by plumbing graphs:

<latexit sha1_base64="12uF0sH/+HNXCzPGmW8IP7Gwry8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPYx6Xq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDG/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8r3pX1Yv7y0rtLI+jCEdwDKfgwTXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/z0Y2F</latexit>

k1
<latexit sha1_base64="0oBGr0637iNV2a9z3mtg8mAtauA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJUUY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzThBP6IDyUPOqLHSw6hX7ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwhs/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdKsVryrysX9Zbl2nsdRgGM4gTPw4BpqcAd1aACDATzDK7w5wnlx3p2PeeuKk88cwR84nz/1VY2G</latexit>

k2

<latexit sha1_base64="YZHssAIMwpMr/Y8wD2RLeqhVaTo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJYUY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzThBP6IDyUPOqLHSw6hX7ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwhs/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHhXler9Zbl2nsdRgGM4gTPw4BpqcAd1aACDATzDK7w5wnlx3p2PeeuKk88cwR84nz/22Y2H</latexit>

k3

<latexit sha1_base64="n1yVM0oCToZ4Q7p3mFkdJqz2gkE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJoUY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzThBP6IDyUPOqLHSw6hX7ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwhs/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHhXlcv7arl2nsdRgGM4gTPw4BpqcAd1aACDATzDK7w5wnlx3p2PeeuKk88cwR84nz/4XY2I</latexit>

k4

<latexit sha1_base64="xyEb7xWwMtkhprGEa7DC8nk0CGY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KCWpoh4LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtcf9zKvUpv1S2a26c5BV4uWkDDka/dJXbxCzNOIKmaTGdD03QT+jGgWTfFrspYYnlI3pkHctVTTixs/m507JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz1M6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtoQvOWXV0mrVvWuq5cPV+V6JY+jAKdwBhfgwQ3U4R4a0AQGY3iGV3hzEufFeXc+Fq1rTj5zAn/gfP4AlDOPAw==</latexit>

k1,2
<latexit sha1_base64="du/hBDM7S5OBbX4D1Phc/0ohK84=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBQym7rajHghePFewHtEvJptk2bDZZkqxQlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+6WiZKkLbRHKpegHWlDNB24YZTnuJojgOOO0G0d3c7z5RpZkUj2aaUD/GY8FCRrCxUjcaZvVqYzYsV9yauwBaJ15OKpCjNSx/DUaSpDEVhnCsdd9zE+NnWBlGOJ2VBqmmCSYRHtO+pQLHVPvZ4twZurDKCIVS2RIGLdTfExmOtZ7Gge2MsZnoVW8u/uf1UxPe+hkTSWqoIMtFYcqRkWj+OxoxRYnhU0swUczeisgEK0yMTahkQ/BWX14nnXrNu641Hq4qzWoeRxHO4BwuwYMbaMI9tKANBCJ4hld4cxLnxXl3PpatBSefOYU/cD5/AJc/jwU=</latexit>

k2,3

• Linking numbers Kij between circles:

Kij =

{
ki , i = j

kij , i 6= j
.

• Engineer Abelian gauge theories:

U(1)× · · · × U(1), with mixed CS levels Kij .

[Gadde,Gukov,Putrov,2013]
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Kirby moves for gauge nodes

• Kirby moves produce equivalent graphs

k

�

k ± 1±1 k1 0 k2

�

k1 + k2

k1 ± 1 ±1k2 ± 1

�

k1 k2

• Kirby moves = integrating out gauge nodes

The contribution of U(1)k can be separated:

ZS3
b

=

∫
dx ekx

2+(··· )x × (other terms) .

[Gadde,Gukov,Putrov,2013]
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Problem

• How to describe matter? such as fundamental matter F,
anti-fundamental matter AF, and so on.

• Are there similar Kirby moves for matter?

7 / 23



Matter

• We conjecture it is possible to add matter.

• A new notation: we denote matter by �.

k

q
�

ki kj
�

qi qj
�

• qi are charges under gauge nodes.
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Kirby move for matter: ST -transformation

• The Lagrangians of 3d theories enjoy a SL(2,Z) action, where
ST ∈ SL(2,Z) with (ST )3 = 1. [Witten, 2003][Dimofte, Gaiotto, Gukov, 2011]

• ST introduces a new gauge node and mixed CS levels.

• Graphically,

k

�

(ST )±1

−−−−→
k ± 1

2

±1

± 1
2

�

• It is analogous to

k
−−−→

k ± 1

±1

±1
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Kirby move for matter: ST -transformation

• ST leads to the triality: [Dimofte, Gaiotto, Gukov, 2011]

1
U(1) 1

2
+ 1F

0
U(1)− 1

2
+ 1F

F

• Their sphere partition functions are equivalent

(ST )± : sb

(
iQ

2
− z

)
= e

∓πi
2

(
iQ
2
−z

)2 ∫
dx e∓

πi
2
x2∓2πi zx−πQ

2
x sb

(
iQ

2
− x

)
.

• This identity can be used as a nontrivial replacement to
transform generic matter.
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Kirby moves for matter: ST -transformation

• A generic matter can be turned into a fundamental matter F:

ÐÐ→

∎

−→
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Generic Kirby moves

Kirby moves + ST -transformations

to generate equivalent plumbing graphs.

Equivalent graphs ←→ Equivalent theories

Generic Kirby moves lead to dual theories.
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Examples: U(1)k + 3F

• Kirby moves → many graphs

k
Ð→

k + 1
2

1
2

Ð→
1
2

k + 1 1
2

Ð→
1
2

k + 3
2

1
2

1
2

Ð→ ⋯

• For k = −5
2 or −1

2 , symmetric graphs

1
2

k + 3
2

1
2

1
2 Ð→

2 2

2

+1 +1
+1 0 0

0

−1 −1
−1

• For k = ±3
2 , bifundamentals

<latexit sha1_base64="EK7Mc5zbUr93dzCBi5JqXJuaB5Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQeJuFPUY8OIxonlAsoTZySQZMju7zPQKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdDv1m09cGxGpRxzH3A/pQIm+YBSt9OCdV7rFklt2ZyDLxMtICTLUusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqmjIjZ/OTp2QE6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf6NnwoVJ8gVmy/qJ5JgRKZ/k57QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0KmXvqnxxf1mqnmVx5OEIjuEUPLiGKtxBDerAYADP8ApvjnRenHfnY96ac7KZQ/gD5/MHVAmNHA==</latexit>

1/2

<latexit sha1_base64="DPGQFHXghzyycn/1Cv95yQF3oSE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIISklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOp1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqWx1GAQziCE/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDc1ozc</latexit>

+1
<latexit sha1_base64="DPGQFHXghzyycn/1Cv95yQF3oSE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIISklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOp1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqWx1GAQziCE/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDc1ozc</latexit>

+1
<latexit sha1_base64="DPGQFHXghzyycn/1Cv95yQF3oSE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIISklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOp1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqWx1GAQziCE/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDc1ozc</latexit>

+1
<latexit sha1_base64="DPGQFHXghzyycn/1Cv95yQF3oSE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIISklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOp1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqWx1GAQziCE/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDc1ozc</latexit>

+1

<latexit sha1_base64="DPGQFHXghzyycn/1Cv95yQF3oSE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIISklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOp1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqWx1GAQziCE/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDc1ozc</latexit>

+1
<latexit sha1_base64="DPGQFHXghzyycn/1Cv95yQF3oSE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIISklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOp1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqWx1GAQziCE/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDc1ozc</latexit>

+1

<latexit sha1_base64="DPGQFHXghzyycn/1Cv95yQF3oSE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIISklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOp1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqWx1GAQziCE/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDc1ozc</latexit>

+1
<latexit sha1_base64="DPGQFHXghzyycn/1Cv95yQF3oSE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIISklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOp1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqWx1GAQziCE/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDc1ozc</latexit>

+1
<latexit sha1_base64="gwIc2c9oa/ApJdIYLLCsofTVJmY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ40JKoqMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cRvPqHSPJaPZpSgH9G+5CFn1Fjp4czrlspuxZ2CLBIvJ2XIUeuWvjq9mKURSsME1brtuYnxM6oMZwLHxU6qMaFsSPvYtlTSCLWfTS8dk2Or9EgYK1vSkKn6eyKjkdajKLCdETUDPe9NxP+8dmrCGz/jMkkNSjZbFKaCmJhM3iY9rpAZMbKEMsXtrYQNqKLM2HCKNgRv/uVF0jiveFeVi/vLcvU0j6MAh3AEJ+DBNVThDmpQBwYhPMMrvDlD58V5dz5mrUtOPnMAf+B8/gDf4Ize</latexit>�1

<latexit sha1_base64="gwIc2c9oa/ApJdIYLLCsofTVJmY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ40JKoqMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cRvPqHSPJaPZpSgH9G+5CFn1Fjp4czrlspuxZ2CLBIvJ2XIUeuWvjq9mKURSsME1brtuYnxM6oMZwLHxU6qMaFsSPvYtlTSCLWfTS8dk2Or9EgYK1vSkKn6eyKjkdajKLCdETUDPe9NxP+8dmrCGz/jMkkNSjZbFKaCmJhM3iY9rpAZMbKEMsXtrYQNqKLM2HCKNgRv/uVF0jiveFeVi/vLcvU0j6MAh3AEJ+DBNVThDmpQBwYhPMMrvDlD58V5dz5mrUtOPnMAf+B8/gDf4Ize</latexit>�1

<latexit sha1_base64="gwIc2c9oa/ApJdIYLLCsofTVJmY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ40JKoqMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cRvPqHSPJaPZpSgH9G+5CFn1Fjp4czrlspuxZ2CLBIvJ2XIUeuWvjq9mKURSsME1brtuYnxM6oMZwLHxU6qMaFsSPvYtlTSCLWfTS8dk2Or9EgYK1vSkKn6eyKjkdajKLCdETUDPe9NxP+8dmrCGz/jMkkNSjZbFKaCmJhM3iY9rpAZMbKEMsXtrYQNqKLM2HCKNgRv/uVF0jiveFeVi/vLcvU0j6MAh3AEJ+DBNVThDmpQBwYhPMMrvDlD58V5dz5mrUtOPnMAf+B8/gDf4Ize</latexit>�1
<latexit sha1_base64="gwIc2c9oa/ApJdIYLLCsofTVJmY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ40JKoqMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cRvPqHSPJaPZpSgH9G+5CFn1Fjp4czrlspuxZ2CLBIvJ2XIUeuWvjq9mKURSsME1brtuYnxM6oMZwLHxU6qMaFsSPvYtlTSCLWfTS8dk2Or9EgYK1vSkKn6eyKjkdajKLCdETUDPe9NxP+8dmrCGz/jMkkNSjZbFKaCmJhM3iY9rpAZMbKEMsXtrYQNqKLM2HCKNgRv/uVF0jiveFeVi/vLcvU0j6MAh3AEJ+DBNVThDmpQBwYhPMMrvDlD58V5dz5mrUtOPnMAf+B8/gDf4Ize</latexit>�1

<latexit sha1_base64="8cBvONuZexNWmeYEQfwPzu19kZo=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBg9bdKuqx4MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H47vMbz9RpVkkH80kpr7AQ8lCRrDJpHPvotYvV9yqOwNaJl5OKpCj0S9/9QYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPvp7NYpOrHKAIWRsiUNmqm/J1IstJ6IwHYKbEZ60cvE/7xuYsJbP2UyTgyVZL4oTDgyEcoeRwOmKDF8YgkmitlbERlhhYmx8ZRsCN7iy8ukVat619XLh6tK/SyPowhHcAyn4MEN1OEeGtAEAiN4hld4c4Tz4rw7H/PWgpPPHMIfOJ8/vayNUw==</latexit>�1/2
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Examples: mirror theories

• Mirror dual theories have equivalent plumbing graphs.
• An example is

U(1)±1 + 1F + 1AF
mirror←−−−→ U(1)∓1 + 2F

±1
+1 −1 Ð→ + 1

2

±1
− 1

2

←Ð ∓1
+1 +1

• The Abelian mirror pair [Dorey, Tong, 1999]

U(1)− Nf
2

+ Nf F
mirror←−−−→ [1]− U(1)− U(1)− · · · − U(1)− [1]

is related through Kirby moves. For example,

<latexit sha1_base64="s0gmZHKWzrCo8gRcDaeG5qxuoHY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxaIIQklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOZ1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqSx1GAQziCU/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDbCIzW</latexit>

+1

<latexit sha1_base64="s0gmZHKWzrCo8gRcDaeG5qxuoHY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxaIIQklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOZ1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqSx1GAQziCU/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDbCIzW</latexit>

+1

<latexit sha1_base64="s0gmZHKWzrCo8gRcDaeG5qxuoHY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxaIIQklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOZ1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqSx1GAQziCU/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDbCIzW</latexit>

+1

<latexit sha1_base64="s0gmZHKWzrCo8gRcDaeG5qxuoHY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxaIIQklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOZ1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqSx1GAQziCU/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDbCIzW</latexit>

+1
<latexit sha1_base64="s0gmZHKWzrCo8gRcDaeG5qxuoHY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxaIIQklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOZ1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqSx1GAQziCU/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDbCIzW</latexit>

+1
<latexit sha1_base64="QUzZK0QakRWYR2zFMYCiA2ZD0s4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxaJ4sSQq6rHgxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/GbT6g0j+WjGSXoR7QvecgZNVZ6OPO6pbJbcacgi8TLSRly1Lqlr04vZmmE0jBBtW57bmL8jCrDmcBxsZNqTCgb0j62LZU0Qu1n00vH5NgqPRLGypY0ZKr+nshopPUoCmxnRM1Az3sT8T+vnZrwxs+4TFKDks0WhakgJiaTt0mPK2RGjCyhTHF7K2EDqigzNpyiDcGbf3mRNM4r3lXl4v6yXD3J4yjAIRzBKXhwDVW4gxrUgUEIz/AKb87QeXHenY9Z65KTzxzAHzifP94SjNg=</latexit>�1

<latexit sha1_base64="s0gmZHKWzrCo8gRcDaeG5qxuoHY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxaIIQklU1GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cOZ1S2W34k5BFomXkzLkqHVLX51ezNIIpWGCat323MT4GVWGM4HjYifVmFA2pH1sWypphNrPppeOybFVeiSMlS1pyFT9PZHRSOtRFNjOiJqBnvcm4n9eOzXhjZ9xmaQGJZstClNBTEwmb5MeV8iMGFlCmeL2VsIGVFFmbDhFG4I3//IiaZxXvKvKxf1luXqSx1GAQziCU/DgGqpwBzWoA4MQnuEV3pyh8+K8Ox+z1iUnnzmAP3A+fwDbCIzW</latexit>

+1
<latexit sha1_base64="64w5rDZmPgJZyIL/iQM4IzOX+Yo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KomKeix48diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz1My6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibNi4p3XbmsX5WrZ3kcBTiGEzgHD26gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDc0mMoA==</latexit>

0
<latexit sha1_base64="64w5rDZmPgJZyIL/iQM4IzOX+Yo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KomKeix48diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz1My6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibNi4p3XbmsX5WrZ3kcBTiGEzgHD26gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDc0mMoA==</latexit>

0
<latexit sha1_base64="64w5rDZmPgJZyIL/iQM4IzOX+Yo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KomKeix48diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz1My6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibNi4p3XbmsX5WrZ3kcBTiGEzgHD26gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDc0mMoA==</latexit>

0<latexit sha1_base64="64w5rDZmPgJZyIL/iQM4IzOX+Yo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KomKeix48diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz1My6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibNi4p3XbmsX5WrZ3kcBTiGEzgHD26gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDc0mMoA==</latexit>

0
<latexit sha1_base64="vmgHTOUB3w5ut0ElcgZmrW6VW0s=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPixbAbRT0GvHiMYh6QhDA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dfiyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3U795hPXRkTqEccx74Z0oEQgGEUrPZxXesWSW3ZnIMvEy0gJMtR6xa9OP2JJyBUySY1pe26M3ZRqFEzySaGTGB5TNqID3rZU0ZCbbjq7dEJOrNInQaRtKSQz9fdESkNjxqFvO0OKQ7PoTcX/vHaCwU03FSpOkCs2XxQkkmBEpm+TvtCcoRxbQpkW9lbChlRThjacgg3BW3x5mTQqZe+qfHF/WaqeZnHk4QiO4Qw8uIYq3EEN6sAggGd4hTdn5Lw4787HvDXnZDOH8AfO5w/flozZ</latexit>�2
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Seiberg duality

• Could plumbing graphs encode superpotentials?

•
Na Nc Nfq q̃

+WÐÐÐ→ Na N ′
c Nf

Q̃ Q

M

• Seiberg duality −→ an additional matter + a superpotential

• We consider the basic mirror dual pair

1F + 1AF ←→ U(1)0 + 1F + 1AF + 1Adj with W = QQ̃Φadj .

• Their sphere partition functions are equivalent
[Dimofte, Gaiotto, Gukov, 2011]

ZLHS
S3
b

= ZRHS
S3
b

: sb(y±z) = sb (iQ/2− 2y)

∫
dx e−2πi zxsb (iQ/2± x − y) .

• Flavor symmetry U(1)y × U(1)z .
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Seiberg-like duality

• To generate interesting graphs, we should gauge flavor
symmetries.

• After gauging, the dual pair becomes∫
dy dz [...] ZLHS

S3
b

=

∫
dy dz [...] ZRHS

S3
b

[...] := e−πi(ay
2+bz2+2c yz)e2πi (ξyy+ξzz) .

2−1 −1
−1+1 y

a

∎

+1 c

z
b

∎
∎

x
0←→+1 +1

−1 +1

y
a

∎∎
z

b

c
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Seiberg-like duality

• Kirby moves simplify Seiberg-like dual graphs

a

∎∎

b

c Ð→ ∎ ∎ Ð→
∎s

k

r ∎

a

∎

c

b

∎∎ Ð→
∎∎

∎ Ð→
∎

∎ ∎

• The Seiberg-like duality becomes a 2-3 move
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Triangles A,B,E

• Triangles encoding superpotentials are not unique:

<latexit sha1_base64="Zc/ZAx6GZ5xGQymCVxsHkd6aLjA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKoqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSXfVKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGtn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpXlS868pl/apcPc/jKMAxnMAZeHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8f2R+M6A==</latexit>r <latexit sha1_base64="/1L0dbn/eMWsB76iyEbBPNHKiAw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKoqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSXfdKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGtn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpXlS868pl/apcPc/jKMAxnMAZeHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8f2qOM6Q==</latexit>s

<latexit sha1_base64="DrMRiRzP6gCpU5iLY+mJfZW+Fzc=">AAAB7HicbVBNS8NAEJ34WetX1aOXpUUQxJKoqMeCF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Ngtbxe2d3b390sFhQyeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+Hwbuo3n1BpnshHM0oxiGlf8ogzaqzk67PhudctVdyqOwNZJl5OKpCj3i19dXoJy2KUhgmqddtzUxOMqTKcCZwUO5nGlLIh7WPbUklj1MF4duyEnFilR6JE2ZKGzNTfE2Maaz2KQ9sZUzPQi95U/M9rZya6DcZcpplByeaLokwQk5Dp56THFTIjRpZQpri9lbABVZQZm0/RhuAtvrxMGhdV77p6+XBVqZXzOApwDGU4BQ9uoAb3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/AOB7jfs=</latexit>

s + k � 1

<latexit sha1_base64="Zc/ZAx6GZ5xGQymCVxsHkd6aLjA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKoqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSXfVKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGtn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpXlS868pl/apcPc/jKMAxnMAZeHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8f2R+M6A==</latexit>r
<latexit sha1_base64="/1L0dbn/eMWsB76iyEbBPNHKiAw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKoqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSXfdKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGtn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpXlS868pl/apcPc/jKMAxnMAZeHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8f2qOM6Q==</latexit>s

<latexit sha1_base64="keCf4pvgLlbflNFMIynURLal4Cc=">AAAB6nicbVBNS8NAEJ34WetX1aOXpUUQhJKoqMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpYXTm9UoVt+rOQJaJl5MK5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14Y2fcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmmeV72r6sX9ZaVWzuMowDGU4RQ8uIYa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w+hy41H</latexit>

k + 1

<latexit sha1_base64="gE3qHR6zx9zxw0Hre9ty52nUuAk=">AAAB6nicbVBNS8NAEJ34WetX1aOXpUUQhJKoqMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD/ps1CtV3Ko7A1kmXk4qkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwxs/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTTPq95V9eL+slIr53EU4BjKcAoeXEMN7qAODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wcEbI2I</latexit>

r + k
<latexit sha1_base64="ivRbDH4nbwrreSOE9vIStcGpTeE=">AAAB7HicbVBNS8NAEJ34WetX1aOXpUUQxJKoqMeCF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Ngtbxe2d3b390sFhQyeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+Hwbuo3n1BpnshHM0oxiGlf8ogzaqzkq7PhudctVdyqOwNZJl5OKpCj3i19dXoJy2KUhgmqddtzUxOMqTKcCZwUO5nGlLIh7WPbUklj1MF4duyEnFilR6JE2ZKGzNTfE2Maaz2KQ9sZUzPQi95U/M9rZya6DcZcpplByeaLokwQk5Dp56THFTIjRpZQpri9lbABVZQZm0/RhuAtvrxMGhdV77p6+XBVqZXzOApwDGU4BQ9uoAb3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/AN7zjfo=</latexit>

r + k � 1
<latexit sha1_base64="cHtnQDMfkq7k1mfoqQkC+MeGRTw=">AAAB6nicbVBNS8NAEJ34WetX1aOXpUUQhJKoqMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpQZ+NeqWKW3VnIMvEy0kFctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MbPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95V9eL+slIr53EU4BjKcAoeXEMN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wcF8o2J</latexit>

s + k

<latexit sha1_base64="GKXuAEYfkFAWeafKsyTJDkxzdsE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CS2CUCi7rajHghePFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uY3Nreye/W9jbPzg8Kh6ftLVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxRpZkUD2YaUz/CI8FCRrCxUltVdKU2GRTLbtVdAK0TLyNlyNAcFL/6Q0mSiApDONa657mx8VOsDCOczgr9RNMYkwke0Z6lAkdU++ni2hk6t8oQhVLZEgYt1N8TKY60nkaB7YywGetVby7+5/USE974KRNxYqggy0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGBD8FZfXiftWtW7qtbvL8uNUhZHHs6gBBfgwTU04A6a0AICj/AMr/DmSOfFeXc+lq05J5s5hT9wPn8AsjGOdg==</latexit>

r + s + 2k
<latexit sha1_base64="0It8uuvtVZvvJiG5kjr0mZ3uW6A=">AAAB73icbVBNSwMxEJ3Ur1q/qh69hBZBKJbdKuqx4MVjBfsB7VKyabYNzWbXJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv749uZ335iSvNIPphJzLyQDCUPOCXGSh1V0ZXa+NztF8tO1ZkDrxI3I2XI0OgXv3qDiCYhk4YKonXXdWLjpUQZTgWbFnqJZjGhYzJkXUslCZn20vm9U3xqlQEOImVLGjxXf0+kJNR6Evq2MyRmpJe9mfif101McOOlXMaJYZIuFgWJwCbCs+fxgCtGjZhYQqji9lZMR0QRamxEBRuCu/zyKmnVqu5V9eL+slwvZXHk4QRKcAYuXEMd7qABTaAg4Ble4Q09ohf0jj4WrTmUzRzDH6DPH45zjug=</latexit>

r + s + 2k � 1

<latexit sha1_base64="dGpabjKlAb9VatOmCFY2nCSKAfw=">AAAB6nicbVBNS8NAEJ34WetX1aOXpUXwYklU1GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0MDrzeqWKW3VnIMvEy0kFctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MbPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95V9eL+slIr53EU4BjKcAoeXEMN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wek1Y1J</latexit>

k � 1
<latexit sha1_base64="Zc/ZAx6GZ5xGQymCVxsHkd6aLjA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJKoqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSXfVKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGtn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpXlS868pl/apcPc/jKMAxnMAZeHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8f2R+M6A==</latexit>r

<latexit sha1_base64="H6YKHRZjHVS5RfxHH4XQAuJcTME=">AAAB6nicbVBNS8NAEJ34WetX1aOXpUXwYklU1GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilh9GZ7pUqbtWdgSwTLycVyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4Y2fCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnVe+qenF/WamV8zgKcAxlOAUPrqEGd1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMHaI2K</latexit>

k � r

<latexit sha1_base64="JUoIqm0NKcVItDpym6sfo18Isew=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CS2CIJbdVtRjwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmt5+o0kyKBzOJqR/hoWAhI9hYqaXO9UV13C+W3Yo7B1olXkbKkKHRL371BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0apUBCqWyJQyaq78nUhxpPYkC2xlhM9LL3kz8z+smJrzxUybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2/vEpa1Yp3VandX5brpSyOPJxACc7Ag2uowx00oAkEHuEZXuHNkc6L8+58LFpzTjZzDH/gfP4AtT2OeA==</latexit>

r + s� 2k

<latexit sha1_base64="qQLm1xPkP8pi/4eZMCKG0eq5oz0=">AAAB73icbVBNSwMxEJ3Ur1q/qh69hBZBkJbdKuqx4MVjBfsB7VKyabYNzWbXJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv749uZ335iSvNIPphJzLyQDCUPOCXGSh11riu1ccXtF8tO1ZkDrxI3I2XI0OgXv3qDiCYhk4YKonXXdWLjpUQZTgWbFnqJZjGhYzJkXUslCZn20vm9U3xqlQEOImVLGjxXf0+kJNR6Evq2MyRmpJe9mfif101McOOlXMaJYZIuFgWJwCbCs+fxgCtGjZhYQqji9lZMR0QRamxEBRuCu/zyKmnVqu5V9eL+slwvZXHk4QRKcAYuXEMd7qABTaAg4Ble4Q09ohf0jj4WrTmUzRzDH6DPH5GDjuo=</latexit>

r + s� 2k � 1
<latexit sha1_base64="qQLm1xPkP8pi/4eZMCKG0eq5oz0=">AAAB73icbVBNSwMxEJ3Ur1q/qh69hBZBkJbdKuqx4MVjBfsB7VKyabYNzWbXJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv749uZ335iSvNIPphJzLyQDCUPOCXGSh11riu1ccXtF8tO1ZkDrxI3I2XI0OgXv3qDiCYhk4YKonXXdWLjpUQZTgWbFnqJZjGhYzJkXUslCZn20vm9U3xqlQEOImVLGjxXf0+kJNR6Evq2MyRmpJe9mfif101McOOlXMaJYZIuFgWJwCbCs+fxgCtGjZhYQqji9lZMR0QRamxEBRuCu/zyKmnVqu5V9eL+slwvZXHk4QRKcAYuXEMd7qABTaAg4Ble4Q09ohf0jj4WrTmUzRzDH6DPH5GDjuo=</latexit>

r + s� 2k � 1<latexit sha1_base64="qQLm1xPkP8pi/4eZMCKG0eq5oz0=">AAAB73icbVBNSwMxEJ3Ur1q/qh69hBZBkJbdKuqx4MVjBfsB7VKyabYNzWbXJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv749uZ335iSvNIPphJzLyQDCUPOCXGSh11riu1ccXtF8tO1ZkDrxI3I2XI0OgXv3qDiCYhk4YKonXXdWLjpUQZTgWbFnqJZjGhYzJkXUslCZn20vm9U3xqlQEOImVLGjxXf0+kJNR6Evq2MyRmpJe9mfif101McOOlXMaJYZIuFgWJwCbCs+fxgCtGjZhYQqji9lZMR0QRamxEBRuCu/zyKmnVqu5V9eL+slwvZXHk4QRKcAYuXEMd7qABTaAg4Ble4Q09ohf0jj4WrTmUzRzDH6DPH5GDjuo=</latexit>

r + s� 2k � 1
<latexit sha1_base64="JUoIqm0NKcVItDpym6sfo18Isew=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CS2CIJbdVtRjwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmt5+o0kyKBzOJqR/hoWAhI9hYqaXO9UV13C+W3Yo7B1olXkbKkKHRL371BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0apUBCqWyJQyaq78nUhxpPYkC2xlhM9LL3kz8z+smJrzxUybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2/vEpa1Yp3VandX5brpSyOPJxACc7Ag2uowx00oAkEHuEZXuHNkc6L8+58LFpzTjZzDH/gfP4AtT2OeA==</latexit>

r + s� 2k

<latexit sha1_base64="qQLm1xPkP8pi/4eZMCKG0eq5oz0=">AAAB73icbVBNSwMxEJ3Ur1q/qh69hBZBkJbdKuqx4MVjBfsB7VKyabYNzWbXJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv749uZ335iSvNIPphJzLyQDCUPOCXGSh11riu1ccXtF8tO1ZkDrxI3I2XI0OgXv3qDiCYhk4YKonXXdWLjpUQZTgWbFnqJZjGhYzJkXUslCZn20vm9U3xqlQEOImVLGjxXf0+kJNR6Evq2MyRmpJe9mfif101McOOlXMaJYZIuFgWJwCbCs+fxgCtGjZhYQqji9lZMR0QRamxEBRuCu/zyKmnVqu5V9eL+slwvZXHk4QRKcAYuXEMd7qABTaAg4Ble4Q09ohf0jj4WrTmUzRzDH6DPH5GDjuo=</latexit>

r + s� 2k � 1
<latexit sha1_base64="qQLm1xPkP8pi/4eZMCKG0eq5oz0=">AAAB73icbVBNSwMxEJ3Ur1q/qh69hBZBkJbdKuqx4MVjBfsB7VKyabYNzWbXJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv749uZ335iSvNIPphJzLyQDCUPOCXGSh11riu1ccXtF8tO1ZkDrxI3I2XI0OgXv3qDiCYhk4YKonXXdWLjpUQZTgWbFnqJZjGhYzJkXUslCZn20vm9U3xqlQEOImVLGjxXf0+kJNR6Evq2MyRmpJe9mfif101McOOlXMaJYZIuFgWJwCbCs+fxgCtGjZhYQqji9lZMR0QRamxEBRuCu/zyKmnVqu5V9eL+slwvZXHk4QRKcAYuXEMd7qABTaAg4Ble4Q09ohf0jj4WrTmUzRzDH6DPH5GDjuo=</latexit>

r + s� 2k � 1<latexit sha1_base64="qQLm1xPkP8pi/4eZMCKG0eq5oz0=">AAAB73icbVBNSwMxEJ3Ur1q/qh69hBZBkJbdKuqx4MVjBfsB7VKyabYNzWbXJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb5RbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv749uZ335iSvNIPphJzLyQDCUPOCXGSh11riu1ccXtF8tO1ZkDrxI3I2XI0OgXv3qDiCYhk4YKonXXdWLjpUQZTgWbFnqJZjGhYzJkXUslCZn20vm9U3xqlQEOImVLGjxXf0+kJNR6Evq2MyRmpJe9mfif101McOOlXMaJYZIuFgWJwCbCs+fxgCtGjZhYQqji9lZMR0QRamxEBRuCu/zyKmnVqu5V9eL+slwvZXHk4QRKcAYuXEMd7qABTaAg4Ble4Q09ohf0jj4WrTmUzRzDH6DPH5GDjuo=</latexit>

r + s� 2k � 1

<latexit sha1_base64="nBam0BhtkwIPHkX86Ro5LMlHiIY=">AAAB6nicbVBNS8NAEJ34WetX1aOXpUXwYklU1GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0MDrTvVLFrbozkGXi5aQCOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeONnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+qenF/WamV8zgKcAxlOAUPrqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMI7I2L</latexit>

k � s<latexit sha1_base64="LLGLUKm5K9f6gl3U7FXfwneFGpE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KoqMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27NnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSPq95V7WL5mWlXs3jKMIJnEIVPLiGOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2W+M5Q==</latexit>s

<latexit sha1_base64="+vBTzTGzBqLxdhSf/jnrkrmtTWM=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoOQU9hVUY8BLx6j5gXJEmYns8mQ2dllplcIIX/gxYMiXv0jb/6Nk2QPmljQUFR1090VJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7cxvPXFtRKzqOE64H9GBEqFgFK308FjvFUtuxZ2DrBIvIyXIUOsVv7r9mKURV8gkNabjuQn6E6pRMMmnhW5qeELZiA54x1JFI278yfzSKTmzSp+EsbalkMzV3xMTGhkzjgLbGVEcmmVvJv7ndVIMb/yJUEmKXLHFojCVBGMye5v0heYM5dgSyrSwtxI2pJoytOEUbAje8surpHle8a4qF/eXpWo5iyMPJ3AKZfDgGqpwBzVoAIMQnuEV3pyR8+K8Ox+L1pyTzRzDHzifP02FjSM=</latexit>

ST

<latexit sha1_base64="F2sS6P8FbjBftWPn5DsiQjePzo8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahp5KoqMeCCB4r2A9sS9lsN+3SzSbsToQS8i+8eFDEq//Gm//GbZuDVh8MPN6bYWaeH0th0HW/nMLK6tr6RnGztLW9s7tX3j9omSjRjDdZJCPd8anhUijeRIGSd2LNaehL3vYn1zO//ci1EZG6x2nM+yEdKREIRtFKDz0/SG8Gqc6yQbni1tw5yF/i5aQCORqD8mdvGLEk5AqZpMZ0PTfGfko1CiZ5VuolhseUTeiIdy1VNOSmn84vzsiJVYYkiLQthWSu/pxIaWjMNPRtZ0hxbJa9mfif100wuOqnQsUJcsUWi4JEEozI7H0yFJozlFNLKNPC3krYmGrK0IZUsiF4yy//Ja3TmndRO7s7r9SreRxFOIJjqIIHl1CHW2hAExgoeIIXeHWM8+y8Oe+L1oKTzxzCLzgf39kfkPY=</latexit>

Er
<latexit sha1_base64="q766N4QuTfmhvt6yplB9Fxmz3l0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahp5KoqMeCCB4r2A9sS9lsN+3SzSbsToQS8i+8eFDEq//Gm//GbZuDVh8MPN6bYWaeH0th0HW/nMLK6tr6RnGztLW9s7tX3j9omSjRjDdZJCPd8anhUijeRIGSd2LNaehL3vYn1zO//ci1EZG6x2nM+yEdKREIRtFKDz0/SG8GqcmyQbni1tw5yF/i5aQCORqD8mdvGLEk5AqZpMZ0PTfGfko1CiZ5VuolhseUTeiIdy1VNOSmn84vzsiJVYYkiLQthWSu/pxIaWjMNPRtZ0hxbJa9mfif100wuOqnQsUJcsUWi4JEEozI7H0yFJozlFNLKNPC3krYmGrK0IZUsiF4yy//Ja3TmndRO7s7r9SreRxFOIJjqIIHl1CHW2hAExgoeIIXeHWM8+y8Oe+L1oKTzxzCLzgf39qlkPc=</latexit>

Es

<latexit sha1_base64="tzxYFo37H5mdo8gg+qjykhI9BBs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBF6Krsq6rHixWMF+wHtUrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0O/VbT0wbruSDHScsiMlA8ohTYp3U7IZRdjPplcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQcZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs2zqn9ZPb+/KNcqeRwFOIYTqIAPV1CDO6hDAyg8wjO8whtS6AW9o4956wrKZ47gD9DnD36YjwE=</latexit>

A
<latexit sha1_base64="PKA+h2uCBZz7OlnPg7+Xjk+jNAI=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBF6Krsq6rHoxWMF+wHtUrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0O/VbT0wbruSDHScsiMlA8ohTYp3U7IZRdjPplcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQcZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs2zqn9ZPb+/KNcqeRwFOIYTqIAPV1CDO6hDAyg8wjO8whtS6AW9o4956wrKZ47gD9DnD4AdjwI=</latexit>

B

• Cases A and B are firstly found in [Ekholm, Kucharski, Longhi, 2019], which
are named unlinking and linking. These triangles are very useful
to study knot invariants [see Larragúıvel and Noshchenko’s poster].
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Triangles A,B,E

• The relation between these triangles is given by

<latexit sha1_base64="8/lsW/JQOHikBR+KtI+YQNyl0Mk=">AAAB6HicbVBNS8NAEJ34WetX1aOXpUXwVBIV9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p4lbdOcgq8XJSgRz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWti6p3Xb1sXFVq5TyOApxCGc7BgxuowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A1h2M3g==</latexit>

r
<latexit sha1_base64="Mc7WF9vSa+69+252sDwdQQu/Fio=">AAAB6HicbVBNS8NAEJ34WetX1aOXpUXwVBIV9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulilt15yCrxMtJBXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LqredfWycVWplfM4CnAKZTgHD26gBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy4GM1w==</latexit>

k
<latexit sha1_base64="rZBlIHPlG1CWO25xi3focBj7tLk=">AAAB6HicbVBNS8NAEJ34WetX1aOXpUXwVBIV9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq6H6p4lbdOcgq8XJSgRz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz1My6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWti6p3Xb1sXFVq5TyOApxCGc7BgxuowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A16GM3w==</latexit>

s

<latexit sha1_base64="q1rY5u5EXhdjDjBPDKWKrExxXiM=">AAAB8nicbVBNS8NAFHypX7V+VT16CVbBU0lU1GPBi8cK1hbSUjbbTbt0sxt2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTAQ36HnfTmlldW19o7xZ2dre2d2r7h88GpVqylpUCaU7ITFMcMlayFGwTqIZiUPB2uH4NvfbT0wbruQDThLWi8lQ8ohTglYKujHBESUia0/71ZpX92Zwl4lfkBoUaParX92BomnMJFJBjAl8L8FeRjRyKti00k0NSwgdkyELLJUkZqaXzSJP3VOrDNxIafskujP190ZGYmMmcWgn84hm0cvF/7wgxeiml3GZpMgknX8UpcJF5eb3uwOuGUUxsYRQzW1Wl46IJhRtSxVbgr948jJ5PK/7V/WL+8ta46SoowxHcAxn4MM1NOAOmtACCgqe4RXeHHRenHfnYz5acoqdQ/gD5/MHi1KRVw==</latexit>W <latexit sha1_base64="q1rY5u5EXhdjDjBPDKWKrExxXiM=">AAAB8nicbVBNS8NAFHypX7V+VT16CVbBU0lU1GPBi8cK1hbSUjbbTbt0sxt2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTAQ36HnfTmlldW19o7xZ2dre2d2r7h88GpVqylpUCaU7ITFMcMlayFGwTqIZiUPB2uH4NvfbT0wbruQDThLWi8lQ8ohTglYKujHBESUia0/71ZpX92Zwl4lfkBoUaParX92BomnMJFJBjAl8L8FeRjRyKti00k0NSwgdkyELLJUkZqaXzSJP3VOrDNxIafskujP190ZGYmMmcWgn84hm0cvF/7wgxeiml3GZpMgknX8UpcJF5eb3uwOuGUUxsYRQzW1Wl46IJhRtSxVbgr948jJ5PK/7V/WL+8ta46SoowxHcAxn4MM1NOAOmtACCgqe4RXeHHRenHfnYz5acoqdQ/gD5/MHi1KRVw==</latexit>W <latexit sha1_base64="q1rY5u5EXhdjDjBPDKWKrExxXiM=">AAAB8nicbVBNS8NAFHypX7V+VT16CVbBU0lU1GPBi8cK1hbSUjbbTbt0sxt2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTAQ36HnfTmlldW19o7xZ2dre2d2r7h88GpVqylpUCaU7ITFMcMlayFGwTqIZiUPB2uH4NvfbT0wbruQDThLWi8lQ8ohTglYKujHBESUia0/71ZpX92Zwl4lfkBoUaParX92BomnMJFJBjAl8L8FeRjRyKti00k0NSwgdkyELLJUkZqaXzSJP3VOrDNxIafskujP190ZGYmMmcWgn84hm0cvF/7wgxeiml3GZpMgknX8UpcJF5eb3uwOuGUUxsYRQzW1Wl46IJhRtSxVbgr948jJ5PK/7V/WL+8ta46SoowxHcAxn4MM1NOAOmtACCgqe4RXeHHRenHfnYz5acoqdQ/gD5/MHi1KRVw==</latexit>W
<latexit sha1_base64="tzxYFo37H5mdo8gg+qjykhI9BBs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBF6Krsq6rHixWMF+wHtUrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0O/VbT0wbruSDHScsiMlA8ohTYp3U7IZRdjPplcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQcZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs2zqn9ZPb+/KNcqeRwFOIYTqIAPV1CDO6hDAyg8wjO8whtS6AW9o4956wrKZ47gD9DnD36YjwE=</latexit>

A
<latexit sha1_base64="PKA+h2uCBZz7OlnPg7+Xjk+jNAI=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBF6Krsq6rHoxWMF+wHtUrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0O/VbT0wbruSDHScsiMlA8ohTYp3U7IZRdjPplcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQcZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs2zqn9ZPb+/KNcqeRwFOIYTqIAPV1CDO6hDAyg8wjO8whtS6AW9o4956wrKZ47gD9DnD4AdjwI=</latexit>

B
<latexit sha1_base64="5DYU4hw3vbNAkDEUjlCrjQtiziE=">AAAB83icbVBNS8NAEJ31s9avqkcvi0XoQUqioh4LInisYD+gCWWz3bRLN5uwuxFKyN/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkRwbRznG62srq1vbJa2yts7u3v7lYPDto5TRVmLxiJW3YBoJrhkLcONYN1EMRIFgnWC8e3U7zwxpXksH80kYX5EhpKHnBJjJc8Lwuyun6kznef9StWpOzPgZeIWpAoFmv3KlzeIaRoxaaggWvdcJzF+RpThVLC87KWaJYSOyZD1LJUkYtrPZjfn+NQqAxzGypY0eKb+nshIpPUkCmxnRMxIL3pT8T+vl5rwxs+4TFLDJJ0vClOBTYynAeABV4waMbGEUMXtrZiOiCLU2JjKNgR38eVl0j6vu1f1i4fLaqNWxFGCYziBGrhwDQ24hya0gEICz/AKbyhFL+gdfcxbV1AxcwR/gD5/ABvxkak=</latexit>

Er,s

<latexit sha1_base64="b9mHult6alOemdCfR6O6L3KPJG0=">AAAB6XicbVDLSgNBEOyNrxhfUY9ehgTBU9hVUY8BLx6j5gXJEmYnvcmQ2dllZlYIIX/gxYMiXv0jb/6Nk2QPmljQUFR1090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfmtJ1Sax7Juxgn6ER1IHnJGjZUeHuu9YtmtuHOQVeJlpAwZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5pdOyalV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZvU36XCEzYmwJZYrbWwkbUkWZseEUbAje8surpHle8a4qF/eX5WopiyMPJ1CCM/DgGqpwBzVoAIMQnuEV3pyR8+K8Ox+L1pyTzRzDHzifP0u3jR0=</latexit>

ST

• Triangles A,B and E are related by W−1 ◦ (ST )∗ ◦W.
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Local duality

• Seiberg-like duality is a local duality:

ai

bi

ci

y
a

∎∎
z

b

c ←→
ai

bi ci

x
0 a

y
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∎

+1 c

z
b

∎
∎

• Kirby moves simplify this dual pair:

<latexit sha1_base64="auKW8oD+5Wc9YXTjPMwVwMVUXYU=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaSKuiy4cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDMbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGtnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rl0+XFUb9aKOEpzCGVyABzfQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8Aj4iRZQ==</latexit>W
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Partially gauging

• Gauging only the flavor symmetry U(1)z decouples a matter.
Then we have a 2-2 move

x
0

z
b

+1+1 −1
∎ ∎

←→z
b

+1 −1
∎ ∎

• If this dual pair couples to other gauge nodes

ci
bix

0

z

b

+1+1 −1
∎ ∎

←→
ci

biz
b

+1 −1
∎ ∎

• These dual graphs also satisfy cases A, B and E.
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Higgsing

• If one adjusts the mass parameters for a F and an AF properly,
then

1F + 1AF→ 1 .

Graphically,

k

+1 −1
HiggsingÐÐÐÐÐ→

k

• This is the Higging of a D5-brane in the brane web description.

22 / 23



Outlook

• Relation to higher form symmetry.[Eckard,Kim,Schafer-Nameki,Willett,2019]

• Construct nonabelian theories and more generic dualities.

• Introduce matter to plumbing graphs using M5-branes.

• Relation to other constructions: CY4, orbifolds, BPS quivers,
and brane webs.

Thank you!
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