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Introduction

* Stuclging the evolution O?C quantum systems — conclensecl
matter, QL HEFE

* Questions— integrabili’cg, chaos, thermalization, OTOC —
OPerator growth.

* Chaotic: theories — oPerators become complexiﬁecl quick|9—>

faster scrambling ot information.
s (HF0C ~ Lgal:)unov exl:)onent — saturation for chaotic cases.

* Central question — clistinguish integrable and chaotic cases.
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Start from a simple local oPerator 0O(0) (e.g.; one site

oPerator) .

Hamiltonian of the quantum system — Hermitian, time

inclepenclent and a k sites.

Operator evolution —>Heisenberg Pic:ture —
20
0@ = e'0(0)e " = 0(0) + it[H, O(0)] + —[H [H, O(0)]] + -

Also treated as Liouvillian evolution O(t) = i o), X =[H |

The iterative action of Liouvillian does not generate
orthonormal vectors (sul:)er oPerator%oPerator, oPerator .

state, norm— thermal Wightman Proclucts)
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Algorithm to construct an orthonormal basiseKrglov—-Lanczos

algorithm.

The basis formed— Krglov basis »dimension & < D?> - D + Ik with

D the Hilbert space dimension.

Z|6)=b,0,_)+b,,]10,.,), where | 0,) are the basis elements

and b, are called the Lanczos coeHicients.

Liouvillian has a tricliagonal matrix form

=

Q. b ()

b b,

0 b 0.0
%

0

00 b,
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UOGH (Universal operator grow’th hgpothesis) - growth can

characterise chaos and integrabilitg. (1812.08657, PRX.9.041.017, Parker
et al)

General behaviour of b — initial growth characterising growing support
of the ol:)erator, then comes down to zero after exl:)loring the whole

Krglov basis.

How an oPerator sPreacls in the Krglov basis— chaotic evolution—the

initial growth s quickes‘c (inear).

Coming down to Zero, more fluctuations implies integrability. Q21208
JHEPO%(2022) 211, Rabinovici et al)

| evel statistics of unfolded sPectrum for closed sgstems: integrableﬁ

Poisson, chao’cic—>Wigner~Dgson statistics — match with results from

Krglov |l anczos algorithm.

T T e A e g e
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* After Krglov basis is formed— 1) = Z o O 0.G) Izare

n=0
Probabilities of iinciing operator in n-th Krglov basis at time t— |
H—1 f
3 '-.
2 b= 1. 5
n=0 '

* Average Position of the operator in Krglov space, K—-complexitg:
AL

0 - > ol

n=0

R o e o TUUVUE .

. K—-complexi‘tgz Zrows exl:)onentiany for linear growtiw ofb,, Zrows

|inear|9 for saturation of b, and saturates for the Iong time decrease

ofb .

® Ffor integraiole case, the saturation is at a lower value due to more |
fluctuations in b (212 2128 Rabinovici et al) ;
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Open sgstems and Lindblad
evolution

* Wlﬁy open systems: Pragmatic aPProach, Preparation of ideal bt
closed systems is imPossible, a!wags some interaction with *

environment.

T I e .

+ Evolution becomes non—-unitarg. Liouvillian has non-hermitian

contributions— Lindbladian.

+ What happens to operator evolution and integrability in case of
e = o ]

non~unitar9 evolution?

- Primarg spreacl of operator alwags within sgstem Aegrees of

freedom. }
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i
s S.and E, are operators in the system, and environment Hilbert space,
respectivelg) a; coupling.

* We concentrate on the evolution of a ciensi’cy matrix (mixeci state in

Serieral) po = Trolpgl.

+ Assume access to the information of Hg and Z \/EiSl- (system info and

l
some unclers’cancﬂing about the ways it interacts with environment).

Z oL Z L,
j J
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* Born-Markovian aPProximation — Lindblad master equation

| 1 .
p=—ilH,pl+ ) [Lipl] = —{L[L, p}] = = iZ,p(®).
k

* Approximations: weak bath~sgstem couPling, bath relaxation

time<<system relaxation time, gactorisabilitg of total densitg matrix.

* O) = iZ,000),with Z,[+1=[H,+]1-i ) [Lf+ L - % (L[Li» }]
k

s Lindbladian is non-hermitian.

o Perform similar steps? Or ditferent? Check both.

* Model: Transverse field lsing model with open BC
N—1

N N

e To T Wi Z

Han == ) ojos, ) 0fch ) 0.
sl =4 =1

P T s = e i s T————
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chonzero, h =0, integrable) for nonzero h, goes away from

integrabilitg, o=—J05h=05 maxima”g away from integrabilitg.

| evel statistics results are there for Aissipative open sgstemS:

integrableﬁ still Poissonian, chaotic —>comP|ex Ginibre ensemble.
(1910.0%520, PRL.125.254101, Akemann et al)

Boundarg L indblad oPerators

L= \/551 Ly = \/agl_aLNH 7 \/EGN’LNH = \/EUJG~
Bulk dephasing oPerators L, = \/7_/61? e —
Eigenvalues are real or come in complex conjugate Pairs.

| evel statistics done with complex spacing ratios.

- -~ Rt o s o Dvv N ————
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Krylov iteration with Lindbladian

* | anczos: /—\Pplging Hermitian methods to a non-

hermitian operatorﬁobserving the breakdown.

* Orthonormalisation is limited to lower accuracy— 10~2.

» Growth of b, becomes unphgsical once non-hermitian

eftfects are Present (keeps growing Forever).

© lntegrable and chaotic regimes are not clistinguishable

anymorc—:.




Ma=0
W a=0.01
W a=0.05
W a=0.10

B a=0.15
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Ha=0

M a=0.01
M a=0.05
W a=0.10
M a=0.15
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o Effect of Lindblad oPerators (non-hermitian Part) can be

increased two ways, ) increasing the coupling
clephasing at all sites instead oﬂ'ust bounclarg

oPerators.

s Inboth of the cases, the coeticients keep growing forever

with Iarger and larger slope (growth rate).

i take bulk
| indblad

T T e e

+ Can clistinguish between different non-hermitian parameters,

but can not clistinguish integrable and chaotic regimes.

) Growing ?orever does not make sense: thc—: Krg

space does not represent the sgstem Hilber’c S

sgstematicang.

OV-1. anczos

DAaCe
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Arnoldi iteration

For non-Hermitian case, the natural choice for constructing Krglov basis is

actua”g the Krglov—%\moldi iteration.

Results in a ma’trix form of the Lindbladian that is upper Hessenberg

(ho,o oy hgp s ho n )
g My Moo e Ry
P0) 0 hyy hp hys
hs
0 M1
\ Vel Bopn-1  Pup ]

In this case, the Lindbladian actingon a basis vector Procluces, notjust

contributions from t

uPto the end of Krg

e Previous and next basis, but all existing basis vectors

ov basis.
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» While applging the algorithm, and constructing |0, ) from

O . therefore, one needs to subtract contributions for all
O ) with m = 0,1,---,.n—1.

+ These overlaps with Previous elements form the matrix

elements B

» Questions: N Do these coetficients have enough
information about integrabilitg? 2 e these coefficients

have info about non—-hermi’ticitg?

* Answers: AHirmative.
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Results
The coefficients Hool (analogous tob,’s) alwags have

information about the integrabilitg.

Mostlg insensitive to non~hermiticit9—> Change 1S very small

with Increasing o (boundarg coupling) and }/(bulk
clephasing').

I, orc alwags real. So where is the information of

nonhermiticity of the Lindbladian —>cliagonal elements h, i

= ig aic Fu“y imagnary, and are sensitive to a and 7,

but are insensitive to integrability.
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Conclusion

. Krglov%_anczos iteration breaks down for open systcm NnonN~

unitarg evolution.

* The forever growing | anczos coetficients are not able to explain
sgstematic exploration 01C sgstem clegrees o1c Freecﬂom ancl the

corrcsl:)oncling Krylov basis.

* Krglov~Amolcli seems to be the right Proceclure. Two ditferent

sets of coeticients cal:)ture the info about integrabilitb and non-

hermiticitg separatelg.

. Sgstematic exploration of Krglov basis is regainecﬂ.




Conclusmm

here are other nonzero matrix elements Present, however the\g remain

 the order of 1072 and do not Zrow.

» These extra coeHicients reflect that Probabilitg conservation is violated

H—1
for open systems Z |q§n(t)|2 =il

n=0

o Thisis expected since there is either a loss or a gain Procedure

open system due to its interaction.

15 20
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Arnoldi with non-hermitian couplings made zero boils down to
| anczos. So the difference between A, and A, i, 5ccns k@

spreacl in the other small nonzero coetficients in the Arnoldi matrix.

It would be interesting to stucig non-Hermitian Hamiltonians with

unitarg evolution (B sgmmetric systems in PT unbroken Phase). :

Computing complexitg with full Arnoldi matrix becomes ditferent.
F‘o”owing another way of biorthogonalizing the vector space gives
one more hoPe of ﬁndinga matrix form similar to Lanczos, for which

complexitg computation should be doable.

It would be interesting to stuclg open QFTs and applg Arnoldi to
see if the coeficients keep growing due to infinite clcgrees of

FFCCCIOYTI :







